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Abstract: Spherical objects are widely used in target localization applications, and the existing 
sphere localization methods with cameras or total stations both have some limitations. A new 
high-precision sphere localization method with a theodolite is proposed in this paper. From the 
view point of the theodolite, the contour points of a sphere with a known radius are measured 
as latitude-longitude coordinates. It is observed that the center of the target sphere is located on 
a cylindrical surface constructed with the latitude-longitude coordinates, and therefore the 
latitude-longitude coordinates of at least three contour points can be used to construct a set of 
ternary quadratic equations. The Gröbner basis method is used to compute at most four real 
solutions of the sphere center coordinates. To distinguish the only meaningful solution from 
the other possible real solutions, a pre-processing of the measured longitude values is also 
proposed. The factors affecting the positioning accuracy of the sphere center are evaluated in 
simulation experiments, which are used to obtain an empirical estimation model of the 
positioning error. Real data experiments are also performed and the results show that the 
proposed method can achieve high localization precision.
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1 Introduction

A sphere is an object with rotational symmetry. This 
property of the sphere makes its image display a good 
contour continuity, so that it can adapt to any angle of 
shooting. Based on this feature of spheres, the positioning 
technique of spherical targets has received extensive 
attention and research in recent years. This fact promotes 
the development of the technology and makes it applicable 
in camera calibration and object localization [1-5].

At present, researchers have already proposed 
methods of sphere localization based on the image of the 
target sphere with a known radius. Most of the methods 
require obtaining the coordinates of the projection point 
of the sphere center by using the edge points of the 
image[2,6], or the ellipse center and area of the image[7,8]. 
Then, the target sphere center can be extracted by 
constructing a positive cone tangent to the sphere[9,10]. In 

addition, a method of directly solving the center of the 
sphere based on the Gröbner basis method has also been 
proposed[11]. The above methods require high-precision 
camera calibration and lens distortion correction[12-15], 
and a longer focal length of the camera can increase the 
positioning accuracy of the target sphere while decreasing 
the maximal field of view angle.

The total station method has also been widely used 
in engineering practice. For example, Kim et al. [16] used 
the total station automatic tracking technology based on 
the principle of tracking 360-degree prism targets to locate 
drones in complex environments. Osada et al. [17] derived 
the Gauss-Helmert observation model and achieved the 
direct positioning of the total station in the geocentric 
coordinates system. In addition, Chen et al.[18] applied the 
total station measurement to locate the center of the 
welded sphere. This method requires the use of a total 
station to obtain the three-dimensional coordinates of a 
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reference point with the aid of a gradient, and then 
acquire the sphere center coordinates from the geometric 
relationship between the center of the sphere and the 
reference point. Although this method has a smaller 
positioning error of the sphere center than visual 
positioning methods using a sphere image, the production 
of the auxiliary device increases the positioning cost. 
Moreover, the laser ranging accuracy of the total station 
is limited by its electronic components, which are usually 
in millimeters.

Compared with the total station, the theodolite has 
similar angle measurement accuracy and is relatively low 
in price, so it is also favored in engineering practice. Fu 
et al. [19] achieved single theodolite positioning of close-
range targets by identifying three known feature points on 
the target. Gong et al. [20] proposed an improved multi-
station theodolite positioning method based on Hermite 
function constraints. Fang et al.[21] used four rotating laser 
theodolites to construct a combined laser three-
dimensional scanning system, which is suitable for on-
site measurement without guide rails. Zhao[22] proposed a 
multi-station optoelectronic theodolite rendezvous 
positioning method based on the fusion of dynamic 
weighting given the deficiency of the traditional idealized 
rendezvous positioning model.

In this article, a high-precision positioning method 
for spherical targets is proposed taking advantage of the 
high-precision angle measurement feature of the 
theodolite. This method uses the sphere radius and the 
latitude-longitude coordinates of its contour point to 
construct a cylindrical surface model containing the 
center of the sphere. From this model, the sphere center 
coordinates can be solved as the intersection of three 
cylindrical surfaces. Since the latitude-longitude 
coordinates of the sphere contour points can be measured 
with low error, the proposed method can effectively 
reduce the system positioning error. Compared with the 
existing image method and total station method, the 
proposed method has the benefits of easy operation, high 
positioning accuracy, and low cost.

2  Positioning Model and Three-
point Method for the Sphere Center

2.1  A Cylindrical Model Containing the Sphere 
Center

A sphere has a good rotational symmetry in space, 
so its contour in the theodolite is a standard circle, 
marked C. For the ith contour point Pi on the circle with i=
1, 2, 3, …N, the latitude-longitude coordinates are 
measured as (Hi,Vi)

T. Here, Hi is a horizontal angle in the 

range from 0 to 2π and Vi is a vertical angle in the range 
from -0.5π to 0.5π.

As shown in Fig. 1, in the Cartesian coordinate 
system with the center of the theodolite O as the origin, a 
unit direction vector Qi is obtained according to the 
latitude-longitude coordinates of the ith contour point Pi. 
The elements of Qi=(li,mi,ni)

T can be calculated as
ì

í

î

ïïïï

ïïïï

li = cos(Vi )cos(Hi )

mi = cos(Vi )sin(Hi )

ni = sin(Vi )
. (1)

Let r be the sphere radius, and then the sphere center 
S=(X,Y,Z)T satisfies the following constraint:

| S ´Qi |
2
= r2|Qi |

2
, (2)

which can be rewritten as

(m2
i + n2

i ) X 2 - 2limi XY - 2lini XZ + (l 2
i + n2

i )Y 2

-2miniYZ + (l 2
i +m2

i )Z 2 = r2(l 2
i +m2

i + n2
i ) (3)

Equation (3) shows that a ternary quadratic equation 
concerning the sphere center coordinates can be obtained 
from each contour point.

2.2  Three-Point Method for Sphere Center 
Positioning

When the number of measured contour points N≥3, 
by stacking a set of equations in the form of (3), we have
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Fig.1 A cylindrical model containing the center of the target sphere.
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The system of equations is similar to the set of 
equations constructed in[11]. It can be written as AW=b, 
where A is an N×6 matrix, b is an N×1 vector, and W is 
the 6-vector [X2,XY,XZ,Y2,YZ,Z2]T. Let V1, V2, and V3 be 
the three singular vectors of A corresponding to the three 
smallest singular values no matter N=3 or N>3. The 
solution of the system of equations can be expressed as

W = k1V1 + k2V2 + k3V3 +W0. (5)

Here, W0=A+b is a particular solution, where A+ is 
the pseudo-inverse of A. The process of solving the (4) 
can be transformed to solving the three unknowns (k1,k2,
k3) in (5). Let W=[ω1,ω2,ω3,ω4,ω5,ω6]

T and construct a 
set of equations according to the relationship between the 
six entries of vector W, as shown below:
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ω1ω4 -ω2
2 = 0

ω1ω6 -ω2
3 = 0

ω4ω6 -ω2
5 = 0

ω2ω3 -ω1ω5 = 0
ω2ω5 -ω4ω3 = 0
ω3ω5 -ω6ω2 = 0

. (6)

Equations (6) are six ternary quadratic equations 
with the unknowns (k1, k2, k3), and the Gröbner basis 
method[11], [25] is used to obtain all the real solutions. 
Define the monomials vector

Ks = [ k 2
1 k1k2k1k3k 2

2 k2k3k 2
3 k1k2k31]. (7)

It is now possible to rewrite (6) as
MKs = 0 (8)

where M is a 6×10 matrix. After Gauss-Jordan's 
elimination, (8) can be rewritten as

[ I B ] KS = 0. (9)

Here, I is the 6×6 identity matrix and B is a 6×4 
matrix. Define the basis monomials vector as

u = [ k1k2k31]
T
. (10)

Construct the action matrix Ak from (9) so that
ku =AkukÎ {k1k2k3}. (11)

Here, the elements in Ak can be expressed with the 
elements in B according to the choice of k. Denote the jth 
row of B as bj, and then when k1, k2, and k3 is used 
respectively, the three versions of Ak are computed as
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To improve the numerical stability, all the above 
three matrices are computed, and then the matrix Ak with 
the largest norm is used to compute u. Then, four 
complex solutions of u can be obtained as the 
eigenvectors of Ak, and the values of the unknown 
parameters (k1, k2, k3) can be extracted from u. Note that 
the last element of the eigenvectors of the Ak matrix 
should be normalized to 1.

Next, substitute the real solutions of the three 
unknowns (k1,k2,k3) into (5). At most four real solutions 

of W can be obtained, and two sphere center coordinates 
with opposite signs can be extracted for each real solution 
of W. To distinguish the correct coordinates, it is assumed 
that the longitude value of the target sphere center is 
around zero. Now, at most four sphere center coordinates 
will be obtained from at most four solutions of W as 
follows:

ì

í

î

ïïïï

ïïïï

X = ω1

Y =ω2 /X
Z =ω3 /X

. (13)

Finally, when considering the constraint X > r, the 
target sphere center calculated by the above method 
usually has one solution.

However, it cannot be guaranteed that the target 
sphere position always satisfies the above assumption in 
actuality. A pre-processing for the contour points is 
necessary to be performed. Here, the horizontal angle 
after preprocessing is H′i=Hi-H, where H is the average 
of the horizontal angles computed as H=1/N(H1+H2+…
+HN).

Then, at least three measurement points of the form 
(H′i, Vi)

T are substituted into the aforementioned 
positioning method, and the sphere center coordinates (X′,
Y′ , Z′ )T can be obtained in the new coordinate system. 
Finally, post-processing is performed so that the 
coordinates (X, Y, Z)T in the initial Cartesian coordinates 
system are obtained by the following transform:
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2.3 Maximum-Likelihood Estimation

The above solution of the sphere center coordinates 
is obtained through an analytical method. When more 
than three contour points are measured, the maximum-
likelihood estimate is used as the final refinement scheme.

As shown in Fig. 2, the plane π passing through the 
straight line OS and perpendicular to the plane XY 
intersects the circle C at two points. Particularly, one of 
the two points with the lower vertical angle is denoted as 
P0. According to the geometric relationship in the right-
angled triangle SOP0, we have
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|OP0| = |OS|2 - r2

θ = arcsin ( )r

X 2 + Y 2 + Z 2

 . (15)

The latitude-longitude coordinates of the estimated 
sphere center S can be expressed as

ì
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ï

HS = arctan 2(YX )

VS = arctan ( )Z

X 2 + Y 2

 , (16)

where arctan2 is the arctangent function such that
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sin(Hs )=
Y

X 2 + Y 2

cos(Hs )=
X

X 2 + Y 2

 . (17)

Now, the Cartesian coordinates of P0 can be 
expressed as

P0 = |OP0|
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Since |OP0| = |OPi|, the Cartesian coordinates of Pi 
can be expressed with the measured latitude-longitude 
coordinates (Hi,Vi)T as

Pi = |OP0|
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Next, the center of the circle C is computed as

Sc =
|OP0| × | cos θ|

|OS|
S . (20)

Denote φi as the rotation angle from OP0 to OPi 
about the rotation axis OSC, i.e.

ϕi = {ÐP0SCPi Hi ³HS

2π -ÐP0SCPi Hi <HS
 . (21)

In the parameterization of the maximum-likelihood, 
the variables to be refined are S and {φi|i=1,2,3,… ,N}. 
Denote P̂0 as the estimated P0 similar to (18), and the 
estimated value P̂i of the measurement point can be 
expressed as

P̂i =
é
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úx̂i

ŷi

ẑi

=R(ϕ̂ios/|os|)P̂0 , (22)

where R(φ̂iOS/|OS|)  ˆ )( i OS OSR  is the Rodrigues rotation 
matrix. Furthermore, the latitude-longitude coordinates 
can also be obtained by following formula:
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Ĥi = arctan 2( ŷix̂i )

V̂i = arctan ( )ẑi

x̂2
i + ŷ2

i

 . (23)

The maximum-likelihood estimate can be obtained 
by minimizing the following cost function:

∑
l=1

N ( )(Ĥi -Hi )2 + (V̂i -Vi )2  , (24)

where Hi and Vi are the measurement values, Ĥi and V̂i 
are their estimation values as functions of S and {φi|i=1,2,
3,… , N}. Minimizing (24) is a nonlinear minimization 
problem of N+3 variables, which is solved with the sparse 
Levenberg-Marquardt algorithm as described in[29].

In summary, the steps of positioning the target 
sphere proposed by this paper are as follows:

1) Use a theodolite to measure the latitude-longitude 
coordinates of at least three approximately uniformly 
distributed contour points. Then, perform a pre-
processing for them such that the average longitude value 
is zero.

2) Construct a set of ternary quadratic equations 
with the sphere center coordinates with the cylindrical 
surface constraint model.

3) Solve the sphere center coordinates using the 
Gröbner basis method.

4) Extract the correct sphere center coordinates from 
at most four solutions of the coordinates. Then, the post-
processing of the extracted coordinates is performed such 
that they are represented in the initial Cartesian 
coordinate system.

5) When the number of measurement points is 
greater than 3, the optimal solution of the sphere center is 
calculated by minimizing (24).

3 Validation by Simulation

In this section, we validate the performance of the 
proposed theodolite method for the positioning of the 
sphere center by means of simulations, and analyze the 
factors affecting the sphere center positioning accuracy. 
In addition, the sphere positioning method with a total 
station is also performed for comparison.

In the simulation experiments, the initial value of the 
sphere radius is 10 mm. The latitude-longitude 
coordinates of the initial position of the target sphere 
center are (5, 10)T in degrees. The initial measurement 
distance D is 1500 mm. In the initial experimental 
configuration, the latitude and longitude values of 6 

Fig.2 The parameterization of the sphere contour points in the 
Cartesian coordinate system.
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contour points are uniformly sampled, and Gaussian 
noise with a standard deviation of 2″ is added to the 
measured angles of the theodolite. Similarly, the angle 
measurement precision of the total station is also 2″ , and 
its distance measurement precision is 2 mm ± 2 ppm. In 
each configuration, 1000 repeated tests are performed and 
then the root mean square error (RMSE) is calculated.

3.1 Number of Contour Points

First of all, we change the number of measurement 
points in the initial experimental configuration, and 
investigate the influence of the number of contour 
measurement points on the sphere positioning accuracy. 
Here, two methods to sample the measurement points are 
performed, where the measurement points are uniformly 
and then randomly selected.

Fig. 3 shows that the proposed method can achieve 
sphere positioning at least three measurement points. 
Compared with the traditional total station method, it can 
obtain higher positioning accuracy under certain 
experimental conditions. As the number of measurement 
points increases, the positioning error of the sphere center 
will also gradually reduce by using the proposed method. 
By analyzing the data of adjacent measurement samples, 
it can be found that the positioning error is approximately 
proportional to the negative 1/2 power of the number of 
measurement points. Comparing Fig. 3 and Fig. 4, it is 
not difficult to see that the uniform selection of 
measurement points has higher positioning accuracy than 
the random selection, and this difference is particularly 
obvious when the number of measurement points is small.

3.2 Radius of Sphere

Next, the spheres with different radii are simulated 
based on the initial configuration to explore the effect of 
target sphere size on positioning accuracy. Fig. 5 shows 

that, compared with the total station method, the 
proposed method can obtain higher positioning accuracy 
under certain experimental conditions. With the gradual 
increase of the radius, the positioning error of the target 
sphere continues to decrease. It can be observed that the 
positioning error of the sphere center is approximately 
proportional to the inverse of the target sphere radius.

3.3 Distance of Sphere Center

After that, we assume that the measuring distance is 
sequentially increased from 1000 mm to 3000 mm in the 
initial configuration and investigate the relationship 
between measuring distance and positioning error. As can 
be seen from Fig. 6, when the measuring distance is 
small, the proposed method has better positioning result 
than the total station method. It can also be observed that 
the positioning error is approximately proportional to the 
square of the measuring distance.

Fig.3 Relationship between the number of the contour points 
selected uniformly and sphere center error.

Fig.4 Relationship between the number of the contour points 
selected randomly and sphere center error.

Fig.5 Relationship between sphere radius and 
sphere center error.
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3.4 Vertical Angle of the Sphere Center

Finally, we keep the other initial settings unchanged, 
and increase the vertical angle of the center of the sphere 
from -60 degrees to 60 degrees, and calculate the 
positioning error of the same sphere at different vertical 
angles one by one. It can be seen from Fig. 7 that the 
proposed method has higher positioning accuracy than 
the total station method under certain experimental 
conditions. The positioning error of the sphere is 
symmetrical with the vertical angle of the sphere center. 
When the sphere center is located at the horizontal 
position, the positioning error is the largest, and then with 
the increase of the absolute value of the vertical angle, 
the positioning error gradually decreases. When the 
absolute value of the vertical angle increases to 60 
degrees, the positioning error obtained using the proposed 
linear three-point method is reduced by about 20.9% 
compared with the positioning error at the horizontal 
position. This phenomenon occurs mainly because as the 
absolute value of the vertical angle of the sphere center 
gradually increases, the horizontal angle measurement 
range of the sphere contour will also increase, which 
makes the horizontal angle measurement error of the 
sphere contour measurement points relatively reduce. Fig. 7 
also shows that, compared with the proposed linear three-
point method, the proposed maximum likelihood 
optimization method has a similar positioning effect 
before the absolute value of the vertical angle of the 
sphere center is less than 25 degrees. However as the 
absolute value of the vertical angle continues to increase, 
the advantage of the parameter optimization method will 
become more apparent. For example, when the vertical 
angle of the sphere center position is 60 degrees, the 
positioning error after the maximum likelihood 
optimization is reduced by about 7.2% compared with the 
proposed linear method. It can be observed that the 
positioning error at different vertical angles of the sphere 
center can be approximated by a quadratic polynomial 
equation about the vertical angle.

3.5 Empirical Model of Error

From the results of the above simulation 
experiments, we can see that the first-order 
approximation of the positioning error of the sphere 
center is the same as the root mean square error after 
repeated calculations. Compared with the total station 
sphere positioning method, the proposed method can 
significantly improve the positioning accuracy of the 
sphere center under certain experimental conditions. It is 
also obvious that the size of the positioning error 
obtained by the proposed method is more susceptible to 
the number of contour measurement points, the size of 
the target sphere, the measurement distance, and the 
vertical angle of the sphere center. In addition, on the 
premise that the sphere radius is much smaller than the 
measuring distance, we can also obtain an empirical 
model of error based on the above simulation results as

Error »
D2

r N
(9.6876 ´ 10-6 - 7.2789 ´ 10-10 ×V 2

s )(25)

In order to further test the practicability of the 
sphere center error estimation model, we utilize the 
model to estimate the sphere center errors under the 
above four simulation configurations and compare its 
estimated results with the first-order approximation error 
previously obtained under the maximum likelihood 
condition.

It should be noted that when using the total station 
method for sphere positioning, its positioning error is 
affected by the angle measurement accuracy and distance 
measurement accuracy of the instrument. In the short-
range measurement environment, the positioning error of 
the total station is mainly related to the distance 
measurement accuracy. For a total station with a distance 
measurement accuracy of 2 mm ± 2 ppm, its positioning 
error is about 2 mm. It is not difficult to see from the 
above simulation results that the approximate value is 
consistent with the error calculated by the simulations.

Fig.6 Relationship between measuring distance 
and sphere center error.

Fig.7 Relationship between vertical angle and sphere center error.
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4 Validation by Real Experiments

In this section we test the sphere center positioning 
method proposed in this paper by real experiments. In the 
real experiments, the total station of ZTS-121 is used as 
the measuring instrument as shown in Fig. 8 (a). Its angle 
measurement precision is 2″ , and the distance 
measurement precision is 2 mm ± 2 ppm, where ppm 
means one-millionth. The test target consists of two 
standard ceramic balls with diameters of 20.0045 mm and 
20.0150 mm, which are fixed on a straight stick with the 
sphere center distance L = 260.0154 mm, as shown in 
Fig. 8 (b).

In order to reduce the difference in positioning 
accuracy caused by different measuring instruments, we 
use the angle measurement mode of the total station 
instead of the theodolite with the same angle 
measurement precision to obtain the latitude-longitude 
coordinates of the target contour points, and the errors of 
sphere center distance obtained by the above two 
methods in different test environments are used as an 

evaluation standard for positioning accuracy. The 
operation process of real experiment is as follows:

1) Fix the test target at position 1 with the measuring 
distance of about 1500 mm and the sphere center vertical 
angles of about 6 degrees. First, in the angle 
measurement mode of the total station, 6 contour points 
are approximately uniformly sampled and measured for 
the two target balls respectively. Then, use the total 
station to obtain the three-dimensional coordinates of the 
marked points of the two target balls respectively. Repeat 
the test 6 times, and estimate the errors of sphere center 
distance by using the above two methods.

2) Place the test target at position 2 with a measuring 
distance of about 1500 mm and the sphere center vertical 
angles of about -49 degrees. Under different 
measurement modes, use the total station to perform a 
measurement similar to step 1) on the two target balls, 
and estimate the error of sphere center distance.

3) Place the test target at position 3 with a measuring 
distance of about 2500 mm and the sphere center vertical 
angles of about 6 degrees. Similarly, use the total station 
to perform a measurement similar to step 1) on the two 
target balls, and estimate the error of sphere center 
distance.

4) Finally, 3 contour points are approximately 
uniformly sampled and measured for each target ball. 
Repeat the above operations and estimate the errors of 
sphere center distance at different positions.

Compared with the traditional total station sphere 
positioning method, Fig. 9 shows that the sphere center 
distance obtained using the proposed three-point method 
is more accurate and reliable under a certain test 
condition. Moreover, the proposed method is easily 
affected by the number of contour measurement points, 
the measuring distance, and the vertical angle of sphere 
center when positioning a sphere. We can also observe 
that the proposed three-point method and the maximum 
likelihood parameter optimization method have similar 

Fig.9 The errors of sphere center distance obtained from real test experiments.
(a)3 contour measurement points are used per target sphere. (b) 6 contour measurement points are used per target sphere.

Fig.8 The instruments for real experiments
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positioning effects, and when the number of contour 
measurement points of single sphere is more than 3, the 
parameter optimization method will more effectively 
reduce the positioning error with the increase of the 
absolute value of the vertical angle of the target sphere.

From the above real test experiments, we can 
conclude that under certain test environments, the 
proposed sphere positioning method can significantly 
improve the positioning accuracy of the sphere center 
compared to the traditional total station method. In 
practical applications, when the target sphere is fixed at a 
certain position, we can further reduce the positioning 
error of the sphere center by increasing the number of 
contour measurement points and adjusting the height of 
the measuring instrument. It is consistent with the 
conclusion obtained by the simulation experiments. In 
addition, compared with the existing total station sphere 
positioning method, the proposed method does not need 
to prepare auxiliary tools in advance, so the cost is lower 
and the operation is simpler.

5 Conclusion

In this paper, we construct a cylindrical surface 
model containing the target sphere center based on the 
known sphere radius and the latitude-longitude 
coordinates of its contour points in a theodolite, and a 
novel sphere center positioning algorithm is proposed by 
using at least three contour points. Since the latitude-
longitude coordinates can be measured by a theodolite 
with low error, the proposed algorithm can effectively 
reduce the introduction of positioning error.

In simulation experiments, we evaluate and analyze 
the factors that may affect the positioning accuracy of the 
sphere center, and obtain the estimation model of the 
sphere center error. Then, the real experiments are 
performed. The experimental results show that the 
proposed three-point method can achieve higher sphere 
positioning accuracy under certain test conditions, and 
maximum likelihood optimization is necessary when the 
absolute value of the vertical angle is relatively large. In 
the actual measurement, considering the positioning 
precision and the measurement complexity, we can 
choose an appropriate number of measurement points for 
sphere positioning based on the error estimation model.

In summary, the proposed algorithm can utilize high-
precision angle measurements from a theodolite to 
achieve high-precision localization of spheres.
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