I China Instrument
and Control Sqciety
nstrumentation

INSTRUMENTATION, Vol. 12, No. 3, September 2025 https://doi.org/10.15878/].instr.202500283

Article
A High-quality Ellipse Detection Method for Machine Vision

Based on Geometric Constraints and Hierarchical Clustering

Lin Zhang!?, Xuan Liu'?, Chen Zhang?, Yuqing Hou'?, Xiaowei He'?, Sheng Tang'>"

! School of Electronic Information, Northwest University, Xi'an, China

% State-Province Joint Engineering and Research Center of Advanced Networking and Intelligent Information Services, Northwest
University, Xi'an, China

® Institute of Photonics and Photonic Technology, Northwest University, Xi'an, China

* Corresponding author email: tangsheng@nwu.edu.cn

Abstract: In machine vision, elliptical targets frequently appear within the camera's region of
interest (ROI). Ellipse detection is essential for shape detection and geometric measurements in
machine vision. However, existing ellipse detection algorithms often face issues such as high
computational complexity, strong dependence on initial conditions, sensitivity to noise, and
lack of robustness to occlusions.In this paper, we propose a fast and robust ellipse detection
method to address these challenges. This method first utilizes edge gradient and curvature
information to segment the curve into circular arcs. Next, based on the convexity of the arcs, it
divides them into different quadrants of the ellipse, groups and fits the arcs according to
multiple geometric constraints at a low computational cost. Finally, it reduces the parameter

space for hierarchical clustering and then segments the complete ellipse into several sectors for
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verification. We compare our method across seven datasets, including five public image
datasets and two from industrial camera scenes. Experimental results show that our method
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world images, which often feature complex backgrounds,
motion blur, varying lighting conditions, occlusions, and
noise. These challenges result in poor performance of
existing methods, either in terms of detection accuracy,
execution time, or both. Moreover, ellipses are not always

1 Introduction

Ellipses are among the most common nonlinear
geometric shapes in the real world, making ellipse
detection techniques crucial in the fields of machine

vision and image processing. These techniques can
address a wide range of real-world problems, including
industrial inspection, attitude measurement, camera
calibration, medical research, biological cell division,
traffic sign recognition, face recognition, and object
tracking on robotic platforms!'"'*!. However, there are still
a few generalized solutions for ellipse detection in real-

fully visible and may be partially occluded or hidden by
other objects, leading to incomplete ellipse curves in the
image. In regions where the boundaries of two objects
intersect, edge contours may be broken, further
complicating the detection of elliptical geometry in real
images.

In industrial vision systems, where objects are often



Lin Zhang et al: A High-quality Ellipse Detection Method for Machine Vision Based on

40 Geometric Constraints and Hierarchical Clustering

viewed from varying angles and under different lighting
conditions, ellipses commonly appear incomplete or
distorted. This makes reliable detection particularly
difficult, and motivates our focus on robust methods
tailored for such cases.

2 Related Work

Through literature research, we know that current
ellipse detection methods are mainly divided into three
categories: mathematical model-based methods, machine
learning-based methods, and edge-link-based methods.

Mathematical model-based methods for ellipse
detection typically use parametric equations of ellipses.
The most classical ellipse fitting methods can be
categorized into the Hough Transform (HT) and the Least
Squares (LS) method. The Hough Transform operates in a
5D parameter space, utilizing a voting mechanism to
identify ellipse parameters, which can be computationally
and memory-intensive. To mitigate these issues,
advancements have emerged, notably the Random Hough
Transform (RHT) ' that randomly selects subsets of
edge points for each detection iteration. Tang and
Srihari"”  further refined this approach with the
Constrained Random Hough Transform (CRHT),
enhancing accuracy by incorporating smoothing,
distance, and curvature constraints. Additionally, the
Probabilistic Hough Transform (PHT) introduced by N.
Kiryati'® reduced computational load by randomly
sampling a subset of edge points for the transform.
Addressing the limitations of these techniques, Guil and
Zapatal'”) introduced the Fast Elliptic Hough Transform
(FEHT), adopting a novel focusing algorithm to replace
the traditional polling process in a single parameter
space. This innovation reduces noise sensitivity and
computational overhead, albeit with limitations stemming
from the extensive the overlooking of a large number of
candidate votes, as well as the overlooking of geometric
interdependencies among points during the voting phase.
The Least Squares approach estimates ellipse parameters
by aligning with edge points, yet it is notably susceptible
to the initial parameter choices and the influence of noise
and outliers, which can significantly skew the fitting
outcomes. To counter the detrimental effects of outliers,
several modified Least Squares techniques have been
devised. For instance, the Iterative Reweighted Least
Squares (IRLS) method"® employs robust estimators or
kernels to mitigate the impact of outliers. Liang et al.!'")
introduced a constrained least squares fitting technique
incorporating a maximum entropy criterion, specifically
designed to tackle the outlier issue. Furthermore, A.
Fitzgibbon?”  suggested integrating ellipsoid-shaped
constraints into the least squares framework, enhancing
robustness, especially against outliers. Although these
methods have notably strengthened the ellipse fitting
resilience, they are still constrained by high
computational demands and time consumption, primarily

due to the nonlinear optimization and iterative nature of
the algorithms.

Machine learning-based methods detect ellipses by
constructing theoretical models and loss functions for the
observed points. For instance, Arellano and Dahyot!*
used the concept of point set alignment to detect ellipses
with a Gaussian Mixture Model (GMM), named
GMMED. Zhao et al.’*? also employed GMM to model
ellipses and optimized the solution using a simulated
annealing algorithm. With the rapid development of deep
learning, convolutional neural network (CNN) -based
methods have become more robust and efficient,
especially in complex scenes. Dong et al.*¥ developed
the Ellipse R-CNN model for detecting -ellipse-like
shapes enriched with texture information. Li%** created an
anchor-point-based ellipse detector based on Faster R-
CNN, achieving efficient detection in complex texture
environments. However, this two-stage method is limited
by specific object classes. Wang*® proposed an effective
generalized ellipse detector based on data augmentation
without anchors, called ElDet. This method relies heavily
on edge information and uses three loss functions to
collectively enhance the CNN model's performance in
detecting complete ellipses.

Nevertheless, the model tends to be biased when
detecting ellipses that are significantly larger or smaller
than the overall image. These methods have undergone
extensive data-driven training, making machine learning-
based ellipse detection useful for specific object classes.
However, for industrial ellipse detection, edge
information is preferable as it more accurately describes
the underlying geometry.

Edge linking methods leverage continuous edge data
from images to identify ellipses. Liu et al.*”) introduced a
hierarchical strategy grounded in the idea that any ellipse
segment can self-identify in reconstruction through
geometric principles, decreasing computation and storage
demands but still grappling with missed detections and
false alarms. Prasad et al.*® refined the search space for
arc grouping by incorporating edge curvature and arc
convexity. Fornaciari et al.'® devised yet another ellipse
detector(YAED), which filters arcs into ellipses based on
geometric constraints and estimates parameters by
segmenting the parameter space. Jia et al.*” built upon
YAED with CNED, a method enhancing projective
invariance to eliminate unproductive ellipse candidates.
Dong®” enhanced YAED's grouping strategy, addressing
three-arc  ellipse detection and implementing a
geometrical feedback system to refine detections,
minimizing errors. Patraucean et al.*'! introduced ELSD,
a parameter-free approach for line segments and elliptical
arcs, utilizing LSD for iterative line segment search and
concurrent detection/grouping. Lu et al.!"! presented an
LSD-based method for ellipse detection, which constructs
arc support groups from line segments and enhances
accuracy and efficiency through local and global search
strategies. Meng®? developed a circular arc adjacency
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matrix technique, leveraging curvature and region
constraints to sparsify the matrix, echoing Prasad's’**
work. Zhao™! built upon Jia's® concept of projective
invariance, proposing coherent chord computation and
crossover ratios for precise ellipse detection. Zhou*¥
devised a top-down fitting strategy, overcoming
Fornaciari's!® limitations by detecting small, flat ellipses.
Model-based ellipse detection encounters real-time
hurdles and is sensitive to initialization, whereas machine
learning methods rely on extensive training data. Among
them, edge segment detection stands out as an efficient
strategy for multiple ellipse recognition in digital images,
with lower computational overheads. Edge-chain
methods strive to group arcs of the same ellipse but are
prone to errors in arc detection, particularly in intricate or
occluded images. In this work, we introduce a novel high-
performance ellipse detection approach tailored for
machine vision, integrating geometric constraints and
hierarchical clustering. Our technique smartly pairs arcs
based on geometric features like smoothness, curve
positioning, and ellipse center confidence, subsequently
estimating parameters through voting in a decomposed
space. Section 2 reviews prevalent ellipse detection
techniques. Section 3 outlines our proposed method.
Section 4 examines parameter impacts and benchmarks
our approach against others. Finally, Section 5
encapsulates the key contributions of this paper.

3 Description of the Methodology

Arcs are extracted from the edge poll and
categorized into four classes based on the concavity of
the arcs. We classify the edge pixels according to their
gradient phase in the two main directions and group eight
connected edge pixels in the same direction to form arcs.
Their quality is also improved by removing short arcs or
straight lines, and then the arcs are grouped according to
their concavity and convexity, and the ellipses are fitted
robustly and efficiently. Each step of the proposed ellipse
detection method's algorithm is described in detail in the
following sub-sections.

3.1 Edge-Weighted Fusion

Circular arc detection requires high accuracy due to
the significant variations in shape and curvature.
Different edge detection operators emphasize distinct
features such as gradient and curvature, making it
challenging to achieve consistent results. To address this,
we propose an algorithm that fuses the outputs of various
edge detection operators by assigning weights to each
pixel position. This fusion algorithm enhances overall
accuracy, produces more continuous edges, and mitigates
the impact of noise. Additionally, it minimizes the
dependency on the parameters of individual operators and
can detect edges efficiently across different scales.
Consequently, the algorithm is more comprehensive and
robust.

By fusing this information, multiple features can be
combined to improve the discrimination of circular arcs.
Firstly, two edge images will be obtained from the input
image using a Canny edge detector with automatic
thresholding and the Sobel operator. Then, the gradients
of the edge images and edge points will be fused using
mean weighting, as shown in Figure 1. The gradient
information derived from this weighted fusion is more
coherent and smoother compared to that obtained from a
single operator. This coherence facilitates faster and more
accurate subsequent filtering and connection of circular
arcs based on the gradient information. We can get the
weighted edge image elements.
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Fig.1 (a) Original image (b) Canny operator detects edges
(c) Sobel operator detecting edges (d) Mean-weighted fused edges

To efficiently cut invalid arc combinations for post
processing, we group arc segments into four sets
corresponding to the arcs of an ellipse distributed in four
quadrantsdrcl. Arcll . Arclll. ArclV, which are called
arc quadrant sets. In the preprocessing step, we separate
edges pixelsp;according to the direction of the edge
gradientir;, as the first stage of this arc grouping, and the
gradient sign functionT(p; ) is defined as equation (1).

+, iftan(z;)>0
|~ iftan(z;)<0

We defineD(C7) as the direction of an arc located in
a quadrant. Thus, arcs with positive gradient directions
are located in the first or third quadrant
D(Cr)e{Arclu Arclll}, while arcs with negative gradient
directions are located in the second or fourth quadrant
D(Cr)e{drcll U ArclV} , as shown in Figure 2. A
property that will be used again for grouping arcs in a
subsequent procedure.

T(p:) (D

3.2 Arc Segmentation Grouping

In this stage, we extract arcs from images segmented
into quadrants, and further process the edge images to
obtain smoother and more accurate results. First, we use
the 8-connected region algorithm to extract continuous
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Fig.2 (a) curves at4drclandArclI]
(b) curves at ArcllandArclV

edge contours. Next, we select contours with smooth
curvature and exclude edge contours shorter than 12
pixels, as they may be influenced by noise or lack the
curvature necessary for the ellipse detection process.
Finally, we filter the arcs based on edge direction and
convexity to identify those that are likely elliptical,
grouping them into arcs, which are then classified.

3.2.1 Extraction of Elliptical Arcs

Through the above processing, we obtain a set of
continuous curve edges with high geometric similarity to
elliptical arcs, and the extracted curves are given by

equation (2).
i [xo X1 o xn} @)
Yo Vi . Va

Where(x;,y;) denotes the coordinates of each point and
the curve consists of by npoints .

After getting the curve, we can calculate the
curvature of each curve point by point using equation (3).
The curvature reflects the degree of curvature of the
curve at each point and helps to determine the local shape
of the curve.

LSRN
_4()-6‘24-)}»2)3/2 3)

Here x;,y; denote the horizontal and vertical
coordinates of the pixel on the curve C respectively.

To simplify the curvature calculation, we use the
center difference method to approximate the derivatives.
The specific formulas for the first and second-order
derivatives of x; are as equation (4).

%= [ X1 —xi1 ]2

Ki

“4)

¥i=[x0—2x+x,2]/4

After calculating the curvature, we connect edge
pixels with similar curvature to form continuous curves.
We then classify these contours into closed and non-
closed contours based on the distance between their
endpoints. Closed contours are considered highly
indicative of elliptical shapes, and thus, we prioritize
selecting and fitting these closed edges. If a candidate
ellipse passes validation, it is deemed the final detection
result. If not, the same processing steps are applied to the
remaining edges. This methodology ensures highly
accurate and robust ellipse detection, thereby enhancing

the overall reliability of the detection process.

Due to the inherent smoothness of curvature changes
in elliptical arcs, we achieve smooth arc segments by
identifying and segmenting key pixels, including turning
points and inflection points. As illustrated in Fig. 3,
turning points are characterized by significant changes in
curvature, whereas inflection points mark locations where
the direction of curvature reverses. Upon identification of
these key points, the curve is represented as a series of
line segments. This approach involves decomposing the
original curve into smaller, more manageable segments,
which are subsequently reconnected through the key
points. This method ensures the generation of a
continuous and smooth arc that closely approximates the
original elliptical arc, represented as an arc C consisting
of a series of line segments{/y, [, ..., [, }

(b)

Fig.3 (a) Curves with large changes in curvature (b) curves with
large changes in curvature direction. Specifically, / represents the
line segments of the fitted curve (i=1,2,3...), #:denotes the angle of
intersection of the line segments/; and /;,;. p,can be seen as a corner
in (a) or a point of inflection in (b)

The RDP algorithm®® is employed to approximate
the curve C with a set of line segments C:{/,l,,....1,},
leveraging a tolerance threshold 7ito mitigate
computational expenses. This approximation enables
subsequent analyses to focus solely on the endpoints of
these line segments, rather than encompassing all
constituent pixels. The vector angle 6,,0,,--,0,,-1, defined
between consecutive line segment pairs /;~[;;, assumes
values within the interval [-z, z]. To assess the angular
variation between the initial angle A and a subsequent
angle B exhibiting a notable change, a threshold T, is
established. The identification of key pixels along the
curve Cis then contingent upon the satisfaction of specific
constraints, thereby determining the critical pixels based
on these prescribed conditions ‘ 0,-0; ‘ >Ty.

When the first angle 6, and the i” angle 6; have the
same sign but are very different, this indicates that the
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pixel is at the corner. And when the sign of the i” angle
6ichanges with respect tod; , it indicates that the direction
of the curvature has changed and these points are the
inflection points. Algorithm 1 splits the curve into arc
segments by recognizing these corners and inflection
points. A new set of consecutive edges is generated and
edge points near the corners are removed to obtain purer
elliptical arcs.

Algorithm 1 Arc selection
Input: Ty, curves: C, curvature threshold: Ty
Output: the arc vector: S

1: Initialize arc vector § = 0

2: repeat
3: Fit each curve C; by line segments, store in L;
4: Calculate angles 6 formed by consecutive line seg-
ments in L;
5: # Store endpoints and their curvature in P;
6 P {(G[1],K[1D}
7: repeat
8: if|91—9j| > Ty then
9: for m =1 to the length of C; do
10; if (LLj1.x LIjly) = (Cilm].x, Ci[m].y)
then
11: P — PU{(C;[m],K;[m])}
12: end if
13: end for
14: end if
15: until traversed every line in L
16: P — PU{(C;[-1],K;[-1])}
17: repeat
18: for k = 2 to the size of P do
19: if |P[k][1] = P[k — 1][1]] > Tk then
20: Reserve C;[k] in S[k].
21: end if
22: end for
23: until traversed the set P

24: until traversed every curve C;

In Algorithm 1, we will also check if the curvature
changes. If the curvature remains constant or changes
within a given threshold, the entire curve is treated as a
straight segment and discarded; the remaining portion of
the curve, they are treated as smooth arc segments, which
could potentially represent the edges of an ellipse or other
circular structure, and the algorithm stores the curvature
information of the two endpoints of these segments for
subsequent processing. This information is crucial in the
following steps as it will be used to categorize further
whether these arc segments are convex or concave arcs.

3.2.2 Arc Convexity Classification

When dealing further with smooth circular arc
segments, they are indeed divided into two categories
based on their concavity: convex and concave arcs.
During the process of arc segmentation, we obtained the
curvature information K;[1] at the starting point and the
curvature information K;[—1] at the endpoint of the arc.

The concavity or convexity of the arc is determined by
the curvature at these two endpoints. According to
equation (5), if the curvature of both endpoints of a curve
is positive, then the curve is concave; if the curvature of
both endpoints is negative, then the curve is convex.
= if (K;[1]&K;[-1])>0

+ if (K [1]&K;[-1]) <0

If the curvature of the two endpoints is either
positive or negative, or both are zero, the arc C cannot be
unambiguously classified as a convex or concave arc in
the conventional sense, and will be screened out of the
subsequent geometrical analysis or identification process.
Based on T(p;) and the above Q(C), each arc C can be
divided into the following quadrants, shown as
equation (6).

QO)= )

AreL,(T(pi). QAC)) = (+,+)
ArelL(T(p;). QC)) = (= +)

I(C)= 6
© ArcIII,<T(pi)7 Q(C)> ={--) ©

ArelV,(T(p;). QC)) = (+—)

where I denotes the quadrant in which the arc is located.
For example, consider an arc belonging to
{drcl U Arclll} , which is classified into the third
quadrant (Arc/ll) if the curvature of the two endpoints is
positive according to the edge point p;, otherwise (it falls
in the first quadrant (4rc/) . Thus, according to equation
(6), when these arc segments are part of an ellipse, then
they can be divided into regions similar to the four
quadrants based on their position on the ellipse.

3.2.3 Grouping of Arcs Based on Geometric
Constraints

Based on the above arc categorization, we select two
arcs &,,=(Cy, Cp) as quadrant constraint arc sets from the
arcs distributed in four quadrants, indicating that the arcs
may belong to the same ellipse. Accordingly, the six
combinations of the four quadrant constraint arc sets are
(Arel, Arcll X Arcl, Arclll) (Arel, ArclV Y Arcll, Arclll)
(Arell, ArcIV) and (Arclll, ArclV'), as shown in Figure 4.

Subsequently, we employ a grouping method based
on the relative positions of arcs [30]. As illustrated in
Figure 4, we use the constraint conditions described by
equation (7) to define the relative positions between two
eligible arcs, thereby discarding arc segments that cannot
form the same ellipse.

Ch(x)>Cf(x) if (C,, Cp)e(Arel, Arcll)
CXy)> k&l x)>CcX(x) if(C,. Cp)e(drel, Arclll)
Ci (1)>Cy (y) if(C,. Cy)e(Arcl, ArcIV)
Cx (y)> th ) if (Cy, Cp)e(Arell, Arclll)
Cy (¥)> CE(M&CE (¥)> Cf (x)  if (Cu» C )& (Arcl, ArclV)
Ci (0)>Cf (x) if (Cy. Cy e (ArelIL, ArclV)

()
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Fig.4 The six grouping stages. Specifically,
Arcl, Arcll, Arclll, ArclV represents the four quadrants where the
arcs are located. where CF (x) and CF () denote the value of the
left endpoint of the arc, CF (x) and CF (y)denote the value of the
left endpoint of the arc, respectively.

We define the set of two arcs that meet specific
conditions of a candidate ellipse as &,,=(C,, Cp ), as these
two arcs may belong to the same ellipse. Additionally, the
positions of the centers of two arc segments can serve as
a significant constraint for selecting potential sets of arc
segments. If the centers of two arc segments are located
within a specific range in the same region, these two arc
segments likely belong to the same ellipse.

3.3 Initial Elliptic Set Formation
3.3.1 Determination of tthe Center of the Ellipse

A classic and effective method for determining the
center of an ellipse is based on the property of the
midpoints of parallel chords. This method leverages a
crucial geometric characteristic of ellipses: the lines
connecting the midpoints of any two parallel chords
intersect at the center of the ellipse. As illustrated in
Figure 5, by calculating multiple such lines and finding
their intersection, the center of the ellipse can be
approximately determined. However, this method may
encounter challenges when dealing with short arc
segments. When the arc segment length is very small, the
distance between the nearest parallel chords formed by
the segment itself also decreases, which can result in

Fig.5 Parallel chord midpoints to determine the center of an ellipse

significant errors in the calculated center position.
Additionally, when using the tangents at the endpoints of
the arc segments to aid in determining the center, the
slopes of these tangents may be affected by image noise
and the digitization process, further reducing the accuracy
of the detection.

The center of the ellipse is the first and most critical
parameter to calculate, as it serves as the key point for
localization. To enhance the robustness and efficiency of
this calculation, as shown in Figure 6, we first determine
the midpoints of arcs C, and C}, , denoted as M, and M, ,
respectively. The four endpoints of the pair of arcs
obtained in the previous steps are designated as ck ct
CF,and Cf . Subsequently, tangents are drawn through
these four endpoints and the two midpoints of the
elliptical arcs. On both sides of the arcs, these tangents
intersect in pairs at points P, , P, P3 , and P4 .We further
construct two line segments: a vertical line /jpassing
through the intersection point P, and midpoint m,, where
m; is the midpoint of the line segment connecting the
endpoint CR and the midpoint M, of arc C, ; and another
vertical line /3 passing through the intersection point P;
and midpoint m3;, where mj is the midpoint of the line
segment connecting the endpoint C% and the midpoint M,
of arc Cy, .On a pair of arcs, the straight lines /; and /; must
pass through the center of the ellipse[37], where i=1,2;/=3 4.

- — IC}
GGy 1

LN\
Ca

Fig.6 Ellipse center calculation method

In the above procedure we know the coordinates and
gradients of the arc endpoints and arc midpoints
(x;,vi,7;), then the coordinates of the midpoints m; and
m; that we use to construct the vertical line segments can
be expressed by equation (8).

Clx+M,x CuL.y+Ma.y

MX= — My =
2 2 )

CRx+M,x Cf.y+Ma.y

my.X= f,l’ﬂz.y: f

The coordinates of the intersection points P; and P,
of the three tangents to the arcC, can be calculated by
equation (9).

Ma.y—Ma.txMa.x—Cﬁ.y+C§.r>< CLtx

Pl.x= I
Cit—M,t
M,.Tx CaL.y— C,f.era.y+ C,f.era.r(Ma.x— Cﬁ.x)
Pl_.y': L
Cit—M,t
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_ Myy—-MirxMix— Cf.y+ CRrxCRx

B CRe—M,t

M,.Tx Cf.y— Cf.era.y+ Cf.era.r(Ma.x— Cf.x)
CRe—M,t

P2.X

P2y=

(€]
We use equation (10) to calculate the slopes ¢; and
gsof the line arc C, from its two endpoints Cland CF
respectively to its midpoint m .

_ M,y-Cty _ M,y—CRy
M,x—CLx " M,x—CRx
Continuing the calculation gives the slopes ¢, and ¢4

of the line /,,/; through the arc C,,.
_Piy-myy  Pyy-mpy
T Pix—mx T Pyx—myx

q1 (10)

(1D

Thus, given an arc, the coordinates of the center
(C,x,C,.y) can be derived according to the proposed
method as equation (12).

Ca.x: myy—q4Xmyx—mp.y+qrxXxmp.x

q2—4qa4

Coye G2 XMy —qaxmy.y+qa2qs(ma.x—m;.x)

ayV=
q2—44

From the above analysis, we can get a pair of arcs
centers. We consider that the two arcs of the candidate
ellipse e,,=(C,, Cp) can contain the same ellipse if and
only if the distance between the centers of the two arcs
(Cpx, Cpy)and(Cyp.x, Cp.y) exists for a given threshold T-.
Furthermore, the four constructed lines /; , [, , /5, and I4
intersect in pairs at four points, any of which may be
considered a potential center of the candidate ellipse. The
average of these intersection point coordinates, along
with the average of the centers of the pair of arcs, is also
considered a potential center of the candidate ellipse.
Consequently, for a pair of arcs, eight potential ellipse
centers are calculated. In the next section, these
intersection points and calculated centers will be used to
estimate the other parameters of the ellipse.

q>

(12)

3.3.2 Elliptic Parameter Estimation

Having determined the center of the ellipse, the next
step is to compute the remaining parameters of the
ellipse. To achieve this, we decompose the parameter
space of the ellipse and compute the two parameters,
Nand K, as described in references®'*®. Here, N
represents the ratio of the minor axis length B to the
major axis length Aof the ellipse, and K is represented as
K=tang , where denotes the orientation of the ellipse.

The equation for the operator N represented byK is
as equation (13).

(¢1—K)(g2-K)
N= K+ (1

where ¢, g5 is derived from the first pair of points on one
arc, and is derived from another pair of points on another
arc. Therefore, the equation (14).

K=+ [1- g (14)

Wherea=q192-¢3q4, f=9294(93-q1)+q193(q4=q2)+
(q1+92—q3—q4)

For the found pair of points, according to equation
(13) successive updates of the aggregator N—K, we can
get the values of the topmost points N and ¢ in the two
1D aggregators. In this step, the elliptic polar coordinate
equation and the coordinate transformation relation are
applied to convert the coordinates of a point on the arc of
the circle from the world coordinate system (x;,y;) to the
elliptic coordinate system (x., Ve ).

In two-dimensional space, coordinate transformations
are accomplished by equation (15).

. cos sin =X
[x}[ o7 (p][x x} (15)
Ve —sing cos¢ |[Vi—Ye
From equations (14-15), we obtain the equations

(16-17).
(xi—x)+(i—y)K

Xe=
K*+1
16
o= i=ye)=(xi=x)K (16)
K*+1

2 a72 2
A= [ER Ve (17)
N (K°+1)

Finally, by defining the major axis 4 as A=A4,/cos¢
and the minor axis B as B=A4-N, we obtain a set of
parameters (x., V., 4, B, p) for the candidate ellipse.

3.4 Elliptic Clustering

Due to the interference of external features, an
ellipse may be segmented into two elliptical arcs, thus
extracting two ellipses from the same object. Therefore,
we need to cluster the results of multiple detections of the
same ellipse. Considering the presence of duplicate points
in the initial ellipse set, an effective clustering method to
trim them is especially important, both to keep isolated
points and to suppress non-extremely large points. To
prevent data explosion, we first map the data (circle
center, semiaxis, and direction) into three low-
dimensional spaces for clustering. An iterative mean drift
clustering method is used to identify acceptable cluster
centers within the region of interest (ROI). For this
purpose, we developed a hierarchical clustering
methodthat incorporates the Gaussian mean shift. The
method decomposes the 5D elliptic parameter space
clustering problem into two 2D space (centers and semi-
axes), and one 1D space (directions) clustering problem.
The similarity of the two ellipses is evaluated by
comparing the differences in the ellipse parameters.
Specifically, an eigenvector is defined as V={(x;,),),(a:,b;),
@i} i1, where (x;,);) represents the center coordinates of an
ellipse, (a;,b;) represents the long and short semi-axes, and
@; 1s the rotation angle of the ellipse.
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The specific clustering process is detailed in
Algorithm 2. Initially, mean clustering is performed on
the centers of the ellipses. After obtaining the cluster
centers, the minimum Euclidean distance for each ellipse
center in the initial set is calculated, identifying the
ellipse center closest to the smallest cluster.
Subsequently, clustering is performed on the semi-axes
and rotation angles. Finally, the concatenation of these
three parameters is considered to constitute a valid set of
ellipses.

Algorithm 2 Ellipse Clustering
Input: Initial ellipse set: E;, Ellipse parameter: V;
Output: Cluster ellipse set: Ec, Ellipse number: N

1: Initialize set: Ec =0

2: Cluster elliptic centers of E; using Gaussian Mean Shift

3: Obtain N cluster centers (x, y), (X, )2, ...r (X, ¥) n.

4: for cach elliptic cluster center (x, y); do

5: Compute Euclidean distance dy,i, between (x, y) j and
Vi

6: if dnin equals the minimum distance found so far then

7: AddV;toset A;

8: end if

9: end for

10: Implement clustering based on semi-axes for each initial
ellipse subset A

11: Obtain N, , cluster centers (a, b),, (a, b),, ..., (a, b)NC B

12: for each semi-axes cluster center (a, b); do Y

13: Compute Euclidean distance dmin between (a, b); and
V;

14: if dmin equals the minimum distance found so far then

15: AddV; toset Aj x

16: end if

17: end for

18: Implement clustering based on orientations for each initial
ellipse subset A;

19: Obtain N, , , cluster centers @1, ¢2, ..., ONeoay

20: for each orientation cluster center ¢ do

21: Compute Euclidean distance dp, between ¢ and V;
22: if dpin equals the minimum distance found so far then
23: AddV;toset Aj i s
24: end if
25: end for
26: Combine all sets Aj, k,sinto Ec: Ec < |J Aj i s

Jj.k,s

27: Ellipse count: N « N + |Aj k5|

Numerous findings have shown!" show that
applying the clustering method to the initial set of ellipses
generates purer candidate ellipses. However, the benefit
of clustering after our ellipse parameter space
decomposition is twofold. First, a hierarchical clustering
method is employed to address the complexity of directly
measuring the distance between two ellipses. Each ellipse
parameter (center, orientation, semi-axes) is treated as an
individual entity for clustering. This approach allows for
a more detailed analysis of the distribution and
relationships of ellipses, as the variation of one parameter

does not directly affect the clustering of other parameters.
Secondly, the hierarchical method significantly
outperforms direct clustering in terms of speed and
accuracy. The reduction in dimensionality and the
independent processing of parameters contribute to this
improvement, ensuring that the clustering results are both
reliable and accurate.

3.5 Elliptic Validation

In the candidate ellipse fitting process described
above, we cover almost all sets of ellipses in the image
and reduce duplicate ellipses. However, some
combinations may form false ellipses, so ellipse
validation is necessary to improve the quality of detected
ellipses. We use a validation method that combines
sectorization and a voting mechanism to ensure the
accuracy of ellipse fitting.

First, we divide the ellipse into several equal-sized
sectors. Then, voting is performed based on these
consecutive sectors to check the completeness of the
ellipse. Specifically, we collect the center points of each
sector on the circumference of the potential ellipse and
control the gradient alignment of these points. If the
center point on the sector satisfies the alignment
condition, the changed sector is marked as valid. The
collection and validation of valid sectors is performed in
the following steps:

(1) Determination of Consecutive Sectors: We need
to identify a candidate ellipse by at least three
consecutive valid sectors.

(2) Voting mechanism: Each successive sequence of
valid sectors provides a vote equal to the number of
sectors in the sequence.

(3) Threshold setting: A predetermined threshold is
set for the minimum number of votes, which determines
the algorithm's tolerance for the occluded portion of the
ellipse. A candidate ellipse can be labeled as a detected
ellipse only if its number of votes exceeds this threshold.

During the wvalidation process, all edge points
contributing to the votes are removed from the edge
segment to prevent double-counting. If the candidate's
ellipse does not reach the preset threshold for the number
of votes, the sampling process is restarted until the end
condition is met. By this method, not only is the
appearance of false ellipses is reduced, but also the purity
and accuracy of the detection results are improved.

4 Experimental Results

In this section, we assess the performance of the
proposed method concerning detection effectiveness and
execution time. For evaluating detection effectiveness,
we employ the method described in™*”. This method
utilizes three metrics: (1) Precision, (2) Recall, and (3) F-
measure, which are defined as equation (18-20).

. b4
Precision= N (18)
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4
Recall = M (19)
F— measure — 2 - Precision - Recall 20)

Precision + Recall

Where Wdenotes the number of correctly detected
ellipses, Ndenotes the total number of detected ellipses,
and Mdenotes the number of ground-true ellipses.

4.1 Data Set Selection

We conducted a comprehensive set of tests on both
synthetic and real image datasets to evaluate the
performance of the proposed method and compare it with
other state-of-the-art methods. We used five publicly
available datasets downloaded from the internet and two
datasets created using a PCO Dicam PRO camera during
the direct laser writing process to assess the performance
of the proposed ellipse detection method. We publicly
disclose these datasets tohttps://github. com/daixi028/
Dataset-Ellispes.

Two of the natural datasets are Dataset Prasad®’”!

and

Dataset #2[%. Dataset Prasad consists of 198 images
containing small ellipses. Dataset #2 comprises 629
frames of images captured by a mobile phone under
varying lighting conditions from several video sequences.

The two industrial datasets are Dataset PCBP®! and
Dataset Camera. Dataset PCB contains 100 industrial
PCB images with concentric structures. The Dataset
Camera consists of 100 images of complete or partial
ellipses captured by our industrial camera under different
lighting conditions.

The method was also tested on three synthetic
datasets. The first two datasets consist of 600 images with
elliptical occlusions®™ and 600 images with overlapping
ellipses*”), respectively. Each image is 300 x 300 pixels
in size and contains n €{4,8,12,16,20.24} ellipses. The
last dataset includes 200 phase maps used during the
imaging process to load onto a spatial light modulator to
alter the beam phase, featuring complex concentric
ellipses or internal structures.

The presentation of the above dataset information is
shown in Table 1.

Table 1 Seven datasets used in the experiment

Dataset Prasad #2 PCB Camera Occlude Overlap Phase
Number of images 198 629 100 100 600 600 200
Resolution 360 x 360 640x 480 500 x 500 1280 x 1024 300 x 300 300 x 300 1080x 1080

We evaluate the performance of the proposed
method by comparing it with six state-of-the-art elliptical
detectors: Lu et al.!", Jia et al.®, Fornaciari et al.®,
Prasad et al.*”), ELSD®”!, and Liu et al.?”.. The C++ or
MATLAB source code for these methods is available
online, and all methods were executed using their default
parameters. All experiments were conducted on a PC
equipped with 64 GB of RAM and an Intel Core i7
processor.

4.2 Threshold Determination

The performance of the ellipse detection method
depends on the selection of threshold parameters,
primarily T3, Ty, and T, as shown in Figure 7. However,
it is not guaranteed that a single set of threshold
parameters will achieve optimal ellipse detection
performance across all images. Additionally, selecting
appropriate control parameters for each image to
establish an accurate mathematical model is quite
challenging. Therefore, we use statistical data from the F-
measure and execution time (ms) t to evaluate
performance, adjusting one threshold parameter at a time
while keeping the others fixed. These parameters were
tested on the aforementioned two natural datasets and two
industrial datasets.

Figures 7(a) and (d) illustrate the impact of threshold
T on performance and execution time. When T; exceeds
10, detection accuracy and efficiency decrease, while the
execution time decreases with increasing 7, . We chose a

compromise setting of 7y=10 (with Tp=25 and T.=25).
As shown in Figures 7(b) and (e), the optimal value of
threshold 7 for detection efficiency is 35 (with 7:=10
and T7.=25), because the execution time decreases
monotonically with increasing . Figures 7(c) and (f) show
that the optimal values of threshold 7. for detection
efficiency are 20 and 25, but the execution time for 25 is
longer than for 20. Balancing accuracy and speed, we
chose 7.=20 (with T,=10 and Ty=35). We consider
other threshold parameters as inherent parameters, as they
can be fixed empirically and do not significantly impact
the detection process.

To further evaluate the sensitivity of the proposed
method to key thresholds, we conducted controlled
experiments on three synthetic datasets. We
independently varied the RDP segmentation threshold T3,
the angle threshold7y for arc grouping, and the ellipse
center distance threshold 7., while fixing the other two
parameters. For Dataset Occlude and Dataset Overlap,
due to their similar image resolution and target scale, the
optimal performance was achieved with7,=8, Tp=25,
and 7,=20. In contrast, for the more complex Dataset
Phase, which includes diverse occlusion patterns and
ellipse sizes, the best detection accuracy was obtained
atT=10, Ty=30and 7.=30. These results demonstrate
the adaptability of our method to varying image
characteristics while highlighting reasonable default
settings for different scenarios.
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4.3 Experiment on the Dataset

Figure 8 presents the Precision, Recall, and F-
measure of different algorithms across seven datasets,
including two natural datasets, two industrial datasets,
and three synthetic datasets. Table 2 displays the
execution time of these methods on the same datasets.

In the two natural datasets, the methods proposed by
Liu and Prasad not only demonstrate low accuracy but
are also extremely time-consuming. 'Liu's hierarchical
strategy, involving multiple detection stages, contributes
to its long computation time. Prasad's method suffers
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Fig.7 Threshold determinations. As the thresholds 7}, Ty,and T; are changed, (a-c)represent the relative F-measure and
(d-f) represent the corresponding execution time (ms).

from a brute-force strategy where arcs are matched
against all possible ellipses in their vicinity, which greatly
increases computational overhead. Although Lu's method
enhances accuracy by building on ELSD, its execution
time remains over 100 ms, which is unsuitable for real-
time tasks. 'Fornaciari's and 'Jia's algorithms offer the
shortest execution times due to efficient edge pruning and
clustering strategies, but they fall short in accuracy
compared to our method. Our algorithm achieves higher
precision, recall, and F-measure, while maintaining
competitive execution times, demonstrating a better
balance between speed and accuracy.

Table 2 Execution time (ms) of different algorithms on two natural datasets, two industrial datasets and three synthetic dataset

Liu?7 Prasad®®

Fornaciari

[8]

Jial*” ELSDEY Lul!

our
Dataset Prasad 949.12 3958.20 12.61 8.42 1324.38 158.52 25.31
Dataset #2 4120.28 9351.70 47.25 32.75 4483.06 437.95 55.05
Dataset PCB 6171.20 1075.83 58.25 43.83 3625.61 169.53 51.56
Dataset Camera 9351.20 1843.43 70.84 61.52 2371.46 349.03 63.17
Dataset Occlude 257.34 5773.96 188.21 169.32 4572.73 2176.64 162.48
Dataset Overlap 282.48 6132.03 193.75 168.04 4860.97 2272.83 178.27
Dataset Phase 4379.75 6971.49 237.64 224.63 9500.15 5798.04 191.96

The visual results on the natural datasets further
confirm this conclusion, as shown in Figure 9. 'Liu's
method performs poorly due to its multi-stage detection
pipeline, while 'Prasad's exhaustive arc matching leads to
high time consumption and lower detection quality.

On the industrial datasets, specifically Dataset PCB
and Dataset Camera, our method shows strong
adaptability. For the PCB dataset, our results are
comparable to those of 'Lu's method in terms of accuracy,
but our approach requires significantly less computation
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Fig.9 Detection results in two natural datasets.

time. This efficiency is crucial in industrial environments
where processing speed is often a key requirement. For
the Dataset Camera, which includes many incomplete and
noisy ellipses, our algorithm achieves the best overall
performance, outperforming others in all three evaluation
metrics.

The detection results on these two industrial datasets
are shown in Figure 10. They demonstrate that
'Fornaciari's and 'Jia's methods struggle in these scenarios
because their algorithms rely on detecting ellipses from
arcs spanning three quadrants, making them unsuitable
for the partial ellipse structures commonly seen in
industrial images. While Lu's method can detect arcs, it
may incorrectly filter out valid candidates during
verification. Our method avoids these pitfalls,
maintaining both accuracy and robustness under

industrial constraints.

Regarding the synthetic datasets, our method once
again demonstrates strong robustness, especially in
handling occlusions. As illustrated in Figure 11, our
method achieves the highest F-measure under occlusion
conditions, showing its ability to accurately detect
ellipses even when portions of the shape are missing.
Although Lu's method slightly outperforms ours in
overlapping ellipse scenarios, our method still performs
competitively and offers much better execution speed.
'Fornaciari's and 'Jia's methods maintain high speed but
exhibit significantly lower F-measure values, indicating a
trade-off between speed and detection quality. ELSD and
Prasad's methods perform reasonably well when ellipse
density is low, but their performance deteriorates rapidly
in more complex scenes. 'Liu's method shows poor
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Fig.10 Detection results in two industrial datasets.

Fig.11 Detection results in three synthetic datasets.

performance in both accuracy and runtime. In concentric

ellipse detection, most methods including ours,
Fornaciari's, Jia's, and 'Lu's achieve good results.
However, Lu and Fornaciari tend to miss some ellipses,
and 'Jia's clustering strategy occasionally produces

redundant detections.

Overall, our algorithm demonstrates
generalization and robustness across different types of
datasets. It is capable of handling diverse and complex
scenes, including real-world industrial data and synthetic

superior

images with varying degrees of difficulty. These results
highlight the effectiveness of our arc grouping strategy



INSTRUMENTATION, Vol. 12, No. 3, September 2025

51

and verification mechanism, making our approach well-
suited for both accuracy-critical and time-sensitive
applications.

5 Conclusion

This paper investigates the problem of ellipse
detection in various scenarios and images captured by
industrial cameras. Specifically, we propose an ellipse
detection method based on geometric constraints and
hierarchical clustering, which achieves high detection
efficiency and low execution time. The balance between
low execution time and detection efficiency is achieved
through (a) effective pruning of curves that aid in ellipse
detection, (b) intelligent grouping of arcs that are likely to
form ellipses, (c) robust utilization of precomputed
gradient information across multiple steps, and (d)
hierarchical clustering of the five-dimensional ellipse
parameter space. Moreover, stringent ellipse verification
ensures high localization accuracy and robustness while
rejecting false positives. Moreover, rigorous ellipse
verification reduces false positives and improves the
purity and accuracy of detected ellipses.

We conducted extensive experiments, fine-tuning
and validating method parameters to achieve optimal
performance. Compared with six existing methods, our
approach demonstrates significant advantages in both
detection efficiency and execution time, successfully
detecting ellipses with varying degrees of incompleteness
in images captured by industrial cameras. Future work
will focus on further enhancing the detection capability of
severely occluded ellipses and well-shaped semi-ellipses.
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