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Abstract: Camera Pose Estimating from point and line correspondences is critical in various
applications, including robotics, augmented reality, 3D reconstruction, and autonomous
navigation. Existing methods, such as the Perspective-n-Point (PnP) and Perspective-n-Line
(PnL) approaches, offer limited accuracy and robustness in environments with occlusions,
noise, or sparse feature data. This paper presents a unified solution, Efficient and Accurate Pose
Estimation from Point and Line Correspondences (EAPnPL), combining point-based and line-
based constraints to improve pose estimation accuracy and computational efficiency,
particularly in low-altitude UAV navigation and obstacle avoidance. The proposed method
utilizes quaternion parameterization of the rotation matrix to overcome singularity issues and
address challenges in traditional rotation matrix-based formulations. A hybrid optimization
framework is developed to integrate both point and line constraints, providing a more robust
and stable solution in complex scenarios. The method is evaluated using synthetic and real-
world datasets, demonstrating significant improvements in performance over existing
techniques. The results indicate that the EAPnPL method enhances accuracy and reduces
computational complexity, making it suitable for real-time applications in autonomous UAV
systems. This approach offers a promising solution to the limitations of existing camera pose
estimation methods, with potential applications in low-altitude navigation, autonomous

robotics, and 3D scene reconstruction.
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1 Introduction

The growing presence of autonomous systems,

autonomous UAVs, precise pose estimation enables
systems to perceive their spatial relationship with the
environment, facilitating tasks such as real-time
navigation, obstacle detection, and avoidance, as well as

including self-driving cars, robotic assistants, and low-
altitude unmanned aerial vehicles (UAVs), has increased
the need for reliable and precise camera pose estimation,
especially for autonomous navigation and obstacle
avoidance in dynamic and constrained environments!"?.
This fundamental computer vision problem, which
involves determining the position and orientation of a
camera relative to a known 3D scene, plays a crucial role
in applications like autonomous UAV navigation,
obstacle detection and avoidance, and 3D reconstruction,
where precise pose estimation is essential for ensuring
safe and efficient operation®*. In robotics and

3D mapping in complex and dynamic environments!'-,
Augmented reality (AR) relies heavily on accurate
camera pose estimation to seamlessly integrate virtual
objects into the user's view, enhancing the immersive
experience!®. Furthermore, 3D reconstruction, with
applications ranging from virtual tours to medical
imaging, depends critically on knowing the camera pose
for each image to reconstruct the scene's geometry!”.
Traditionally, camera pose estimation has relied on
establishing point correspondences between 3D world
points and their 2D projections in the image plane. The
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Perspective-n-Point (PnP) problem, a cornerstone of pose
estimation, aims to solve for camera pose by minimizing
the reprojection error between these 3D-2D
correspondences. Variants of PnP, such as the Efficient
PnP (EPnP), are widely used due to their computational
efficiency and accuracy®. However, these point-based
methods can be susceptible to noise and may falter when
point correspondences are sparse or unreliable,
particularly in low-texture or repetitive environments.

In contrast, the Perspective-n-Line (PnL) problem
leverages 3D-2D line correspondences, which provide
greater robustness for low-altitude UAVs navigating
environments with sparse features, occlusions, or
repetitive patterns”™'”. As geometric features, lines often
exhibit greater robustness than points, especially in
scenes where establishing reliable point correspondences
is challenging!"!. PnL methods have improved
performance in such scenarios, offering greater accuracy
and stability!'?.

Recognizing the complementary strengths of PnP
and PnL, recent research has focused on integrating point
and line correspondences within a unified framework
known as Perspective-n-Point-and-Line (PnPL), which is
particularly useful for low-altitude UAV systems where
robustness in dynamic environments is cruciall’®!. This
hybrid approach combines information from points and
lines to achieve more robust and accurate pose
estimation, particularly in challenging conditions.
However, effectively integrating these geometric
constraints into a single optimization framework presents
significant computational hurdles!*!.

1.1 Related Research Progress

The field of camera pose estimation has witnessed
significant advancements. Driven by the increasing
demand for robust and efficient solutions applicable to
diverse real-world scenarios, traditional methods like PnP
and PnL have been extensively studied. Recent
advancements have focused on applying hybrid
approaches for low-altitude UAV systems. These systems
require robust and accurate pose estimation techniques to
navigate challenging environments such as urban
canyons, forested areas, or indoor spaces with sparse
features and dynamic obstacles. Methods like PnPL are
becoming increasingly crucial for autonomous UAV
navigation, where line-based methods provide superior
performance in environments with occlusions and low-
texture areas, common in low-altitude applications[g’lo].
Furthermore, integrating deep learning techniques in pose
estimation has shown promise in improving the
generalizability and robustness of pose estimation for
UAVs operating in real-time, dynamic environments!'?),

1.1.1 Advancements in PnP Methods

Recent efforts have focused on improving the
robustness and efficiency of PnP methods. Kneip et al.
(2011) introduced a novel parametrization for the

Perspective-Three-Point (P3P) problem, enabling a direct
computation of absolute camera position and orientation.
This innovation significantly improves the efficiency and
accuracy of pose estimation by eliminating the need for
iterative methods, making it especially beneficial for
real-time applications where computational speed is
essential "), Terzakis and Lourakis (2020) proposed a
globally optimal solution to the Perspective-n-Point (PnP)
problem, addressing issues related to noisy or sparse
correspondences. Their approach enhanced the efficiency
of PnP methods by providing a globally optimal
algorithm that guarantees accurate pose estimation, even
in challenging environments. This solution reduced the
sensitivity to outliers and overcame the computational
complexity of global optimization techniques, making it
particularly suitable for real-time applications requiring
both speed and precision!'®. Building on these
advancements, Yu et al. (2021) developed a consistently
fast and accurate algorithm for estimating camera pose
from point correspondences. Their method tackled outlier
rejection and noise handling, thereby improving the
robustness of pose estimation in noisy environments. This
work made significant strides in ensuring reliable pose
estimation under real-world conditions where point
correspondences are imperfect!'”), Most recently, Wang
et al. (2023) proposed a robust direct linear
transformation (DLT) method that further enhances the
accuracy and stability of PnP in the presence of noise.
Their work demonstrated a marked improvement over
traditional DLT methods, offering better performance in
noisy scenarios and contributing to the overall
advancement of PnP methods by increasing robustness
without compromising computational efficiency!'®).

1.1.2 Advancements in PnL Methods

Recent advancements in Perspective-n-Line (PnL)
methods have significantly focused on improving the
robustness and efficiency of camera pose estimation,
particularly in  challenging environments where
traditional point-based methods struggle. Zhou et al.
(2019) introduced a robust and efficient algorithm for the
PnL problem that leverages algebraic distance to
approximate reprojection distance. This approach
improves the accuracy and robustness of pose estimation,
particularly in the presence of noise and outliers. By
avoiding the computational complexity of traditional
reprojection-based methods, their solution enhances
efficiency, scalability, and performance in real-world
applications”. Wang et al. (2019) presented a fast, robust,
and general method for camera pose estimation using line
correspondences. The technique improves both speed and
accuracy by taking advantage of the geometric properties
of lines, which often provide more stable
correspondences in environments with low texture or
repetitive  patterns. This innovation has proven
particularly useful in real-time applications, where
computational efficiency and robustness are essential.
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Their approach is highly effective in handling noise and
sparse correspondences, offering a reliable alternative to
point-based methods in situations where point
correspondences are challenging to obtain or unreliable ',
Yu et al. (2022) further contributed to the PnL field by
proposing an optimal solution to the PnL problem using
quaternion parameterization. This approach enhances the
accuracy and stability of pose estimation, mainly when
dealing with noisy data. Yu's method presents an optimal
framework that provides more precise camera pose
estimations by utilizing quaternion-based parameterization
to tackle the complexities inherent in PnL problems,
contributing to improved performance in both theoretical

and practical applications!'?.

1.1.3 Hybrid PnPL Methods

The development of hybrid PnPL methods
represents a significant trend in the field, aiming to
leverage both point and line correspondences to enhance
pose estimation. Wang et al. (2021) proposed a unified
optimization approach that jointly optimizes point and
line correspondences, achieving improved accuracy and
robustness compared to using either feature type alone.
This work demonstrates the potential of hybrid methods
to outperform traditional approaches that rely on only one
kind of correspondence, offering a more flexible solution
for challenging real-world scenarios where either points
or lines alone may be unreliable!”. A significant focus in
recent PnPL research has been on incorporating
uncertainty into pose estimation to improve the
robustness and reliability of methods under various
conditions. Vakhitov et al. (2021) introduced an
uncertainty-aware approach to camera pose estimation,
combining point and line correspondences. This method
enhances the precision of pose estimation and
incorporates the inherent uncertainty of correspondences,
making it more robust in noise and outliers. By
considering uncertainty during the optimization process,
their method provides more reliable pose estimates,
particularly in noisy and incomplete data environments,
marking a significant advancement in addressing one of
the key challenges in PnPL methods!'*!. This contribution
highlights the growing importance of hybrid methods in
improving the scalability and reliability of pose
estimation, particularly for real-time robotic applications
that demand both speed and precision!'?. Liu et al. (2022)
developed a real-time PnPL algorithm that employs a
coarse-to-fine  strategy to balance computational
efficiency with high accuracy. Their method ensures fast
computation while maintaining the precision required for
accurate pose estimation, further enhancing the

applicability of PnPL in dynamic, real-time systems!*’.

1.2 Research Trends and Gaps
1.2.1 Current Trends

Recent research in camera pose estimation has

evolved along several key trends. A prominent
development is the rise of hybrid PnPL approaches,
which combine point and line correspondences to
improve the robustness and accuracy of pose estimation,
especially in challenging environments where point-
based methods may fail. These methods leverage the
complementary nature of points and lines, leading to
more stable and reliable results*™). Another significant
trend is the increasing application of deep learning
techniques. Some methods focus on learning robust
feature correspondences, while others aim to directly
regress camera poses from images, bypassing traditional
geometric methods!'Y. A significant area of focus has
been real-time performance, with researchers working on
algorithms that balance high accuracy with low
computational complexity to enable their deployment in
resource-constrained  environments''>*".  Furthermore,
there is growing interest in incorporating uncertainty
quantification into pose estimation. This trend is crucial
for ensuring the reliability and safety of systems in safety-
critical applications, such as autonomous vehicles or
robotics, where the accuracy and uncertainty of pose
estimates directly impact system performance and
decision-making™®.

1.2.2 Identified Gaps

Despite the significant advancements in camera pose
estimation, several key challenges remain, particularly for
low-altitude UAV navigation and obstacle avoidance.
While offering improved robustness, hybrid methods like
PnPL still struggle with extremely noisy data or sparse
correspondences in  highly dynamic or cluttered
environments. UAVs operating in urban canyons or
indoor environments often face occlusions, rapid motion,
and real-time processing requirements, making it difficult
for traditional methods to maintain accuracy and stability.
Additionally, integrating real-time performance and
uncertainty quantification for autonomous navigation
remains an ongoing research gap, especially in safety-
critical applications like UAVs, where pose accuracy
directly influences operational safety™*!).  While
promising, hybrid methods that combine point and line
correspondences still struggle with extremely noisy data
or sparse correspondences in real-world environments,
particularly dynamic scenes". This is further emphasised
in the work by Camposeco et al. *2. Generalizability
across highly varied environments remains another
challenge. Although increasingly popular, deep learning
techniques often require vast amounts of labeled training
data, limiting their effectiveness in diverse settings'®.
Recent works by Langerman et al. ! propose domain
adaptation techniques to address this issue. Incorporating
uncertainty into hybrid PnP algorithms for improved
performance in safety-critical tasks is an active area of
research. While uncertainty-aware approaches have
shown progress!'?, standardised methods are still lacking.
Li et al. " propose a Pose-Oriented Transformer with
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Uncertainty-Guided Refinement that tackles this
challenge in the context of human pose estimation.
Achieving high accuracy and real-time performance
remains challenging, especially for resource-constrained
platforms. Li et al. * address this challenge in the
context of mobile augmented reality systems by
proposing an efficient bundle optimization algorithm for
camera pose estimation. Yu et al.**! also explore line-
based camera pose estimation of point clouds of
structured environments, demonstrating promising results
for real-time applications.

This research addresses these gaps by developing a
novel PnPL framework that efficiently integrates point
and line correspondences into a robust optimization
process. Quaternion parameterization represents camera
rotation, offering advantages such as singularity-free
representation and efficient optimization. To further
enhance efficiency, we leverage advanced polynomial-
solving techniques to handle the increased complexity
arising from the integration of both point and line
constraints. The proposed framework will be
rigorously evaluated on synthetic and real-world
datasets to demonstrate its accuracy, robustness, and
computational efficiency in challenging scenarios,
including noisy data, sparse correspondences, and
dynamic environments.

The figure demonstrates the Perspective-n-Point-and-
Line (PnPL) problem, which seeks to determine the
camera's rotation R and translation t between the world
and camera frames by using both 3D-2D point
correspondences {P;<>p;} and line correspondences {L;<>
I}, given the camera's intrinsic matrix A. It depicts a
camera projecting a 3D scene, where yellow dots inside a
rectangular prism represent 3D points, and blue lines
within and extending from the prism represent 3D lines,
with dashed blue lines showing their projections onto the
image plane. Unlike methods relying solely on points, the
line correspondences here do not need precise endpoint
matches, making the approach more robust to occlusions
or environmental challenges in real-world settings. By
combining these geometric constraints, the PnPL
framework reliably estimates R and &

2 Methodology

2.1 Problem Statement

The EAPnPL (Efficient and Accurate Pose
Estimation from Point and Line Correspondences)
method is particularly suited for low-altitude UAV
navigation and obstacle avoidance, where accurate pose
estimation is crucial for maintaining safe flight paths in
dynamic environments. The goal of the PnPL problem is
to estimate the camera's pose, represented by the rotation
matrix R e SO(3)and translation vector ¢eR’, given
correspondences between 3D points and lines in the
world coordinate system and their 2D projections on the

normalized image plane. UAVs operating in cluttered
spaces or areas with a sparse texture often rely on line-
based features for more stable and robust pose estimation.
Integrating point and line correspondences in the
EAPnPL framework provides a more reliable estimation,
especially in environments where traditional point-based
methods struggle due to occlusions, noise, or limited
feature availability. This approach utilizes quaternion
parameterization to solve the rotation matrix's singularity
issues, which are particularly challenging in low-altitude
UAV scenarios. These issues often arise when real-time
adjustments are required for path planning and collision
avoidance in environments with rapidly changing
obstacles and dynamic features. For a set of n,3D points

7
=

{p:} 1”1 and their corresponding 2D projections {bl}?j the

projection relationship can be described by:
zibi=[R|t}[1;i},,-e {L2,...n,) (1)

where A;1is the depth of the i-th point. Eliminating A; Via
pairwise division results in the linearized constraint:

[_01 _01 Z%](Rpﬁt):()thie{Lz""’””} @)

For n; 3D lines {Li}il , represented by their direction
vectors d; and random points p; on the lines and their
corresponding 2D projections {li}:zl, the geometric
constraints are defined as:

n{ Rd;=0,ie {1,2,....,n} 3)

n! (Rp;+t=0,ie {1,2,...n;} 4)

where n; is the normal vector to the 2D projection plane
of the line; the objective of the PnPL problem is to
estimate R and t by simultaneously satisfying both point
Eq. (2), line Eq. (3), and constraints Eq. (4), minimizing
the projection error under a unified framework. This
formulation integrates point and line correspondences,
ensuring robust pose estimation in challenging
scenarios.

3 Propose Method

3.1 Least Square Minimization Problem

To solve the PnPL problem, we aim to estimate the
camera's pose, represented by the rotation matrix R and
translation vector ¢, by combining the geometric
constraints from 3D points, 3D lines, and their 2D
projections. The mathematical formulation is developed
using a Kronecker product representation, which enables
a compact and unified system of equations for efficient
computation. For the point-based constraints, the
projection relationship in Eq. (1) (3) and (2) can be
rewritten in Kronecker product form as follows:

(P! @b )vec(R) +blt=0.ic {L2....n,} (5

(6/@1)vec(R) +blt=0,ic {1.2,...n,}  (6)
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For the line-based constraints, the
relationships in Eq. (3) and (4) become:

(¢! @nl)vec(R) +0"t=0,ie {L.2,...n)}  (7)

geometric

(P! @nl)vec(R) +nlt=0, ic {L2,...n;}  (8)

The Kronecker product formulations compactly
represent individual point and line constraints, making it
easier to integrate them into a unified system. For
example, the point constraints from Eq. (5) and (6) can be
combined into a single system.

T
(pi@b:) "y
, vec(R) =[ b7

(6:®1) »!

Similarly, the line constraints from Eq. (7) and (8)

are combined as:

(dl' ® n,-)T
(Pi®"i)T

To handle points and lines simultaneously, we
integrate the point constraints Eq. (9) and line constraints
Eq. (10) into a unified system. By stacking these
equations, the complete system for all n,points and n,
lines can be expressed as:

(p[®bi)T (b1® I)T
(4:@n) (p@m;)"

D:

i

}t, ie{L2...n,} (9

vec(R):[_Oi}t, ie{l,2,...n;} (10)

-n;

vec(R) =

—o7

b7
OZT t, ie{l,2,...n,+n;} (11)

- =

Ni

2n,+2n; ) x9 2n,+2n;
v v

where D; e R , and N; e R( )3 for each 3D
point and line and their corresponding 2D projections.
Stacking the equations for all n,, points and », lines results
can be written as:

Camera Frame

vec(R)INt=Dvec(R) (12)

D

N and D are the global coefficient matrices formed
by stacking the individual N; and D; matrices for all
correspondences. The optimal solution for # given
vec(R), is obtained by solving the above system and is
expressed as:

t= (NTN)_]NTDvec(R) (13)

Figure 1 illustrates the definitions of the PnP and
PnL problems. Both aim to recover the rotation (R) and
translation (t) between the world and camera frames,
using the intrinsic matrix A and corresponding points or
lines. It is important to note that, unlike point
correspondences, precise endpoint matches are not
essential for line correspondences, as shown in this
figure. This is commonly observed in practical
applications, where occlusions or environmental
constraints may affect the accuracy of the
correspondence. Substituting this expression for ¢ back
into Eq. (12) lead to:

-1
N(N"N) N"Dvec(R) -Dvec(R) =0

A\ AT
= (N(N N) N —12np+2,,,)Dvec(R)=0

A
& Avee(R) =0 (14)

This  equation  expresses the fundamental
relationship between the geometry of the world frame and
the camera frame. 4 is a ( 2np+2n1) x 9 coefficient

matrix, I3 is the identity matrix of size 3x3, and n, and n;
are the number of points and line correspondences,
respectively. To handle noise in the measurements and to
solve the system in a practical context, we recast the
problem as a constrained least-squares optimization
problem, which reads:

P, World Frame

Fig.1 Geometry of PnP problem and PnL problem
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2
arg n}jn "Avec(R)” (15)
RR"=1I, (16)
det (R) =1 17

The objective minimizes the error in the rotation
matrix R, while the constraints enforce that R must
remain a valid rotation matrix, 1. e., it must be
orthonormal with a determinant of 1, where det(.)
denotes the determinant of a square matrix. These
constraints ensure that R represents a proper rotation
without reflection. This approach enables robust
estimation of the camera rotation by incorporating both
point and line correspondences in the PnPL problem.

3.2 Unconstrained Problem

The goal of the PnPL problem is to estimate the
camera's rotation matrix R, while addressing the
constraints imposed by the orthogonality Eq. (16) and the
determinant Eq. (17), which ensure R remains a valid
rotation matrix. These constraints can introduce
challenges such as singularities and non-uniqueness,
particularly at critical angles like 180", To overcome these
issues, the proposed method adapts the ASPnP (Algebraic
Solution for Perspective-n-Point) approach by employing
a unit-quaternion parameterization for the rotation matrix.
This parameterization eliminates the orthogonality and
determinant constraints, providing a robust and
singularity-free solution for the PnPL problem. The
rotation matrix R is expressed in a unified form using a

l+st—s5—s3—53

R= § 2S2S3+2S1S4

2s 284 — 2s 153

where Q=1 +57+s53+53+53. This general form can

handle arbitrary rotations and forms the foundation for
solving the unified PnPL problem.

Case 2: When s,=0,s,,53,54#0 and the remaining
parameters are non-zero, the rotation matrix simplifies to:

| 1-s3-s3 253 284
R= ﬁ 253 —1+s3-53 253584
S3+s
304 284 25384 —1-s3+s3

@n
This case reduces the number of parameters, making
the optimization process more efficient for specific
rotations.
Case 3: When s;=0,5,=0,53%0, 540, the rotation
matrix reduces further to:

| 1—53—s3 0 0
R:ﬁ 0 1+S§—S421 25384

S S

374 0 25384 1+s%—sﬁ

(22)
In this case, the off-diagonal terms involving s, and
s, vanish, leaving a more straightforward structure that

depends only on s3 and s4.
Case 4: When s;=0,5,=0,53=0, 54 %0, the rotation

25283 —28154
2,2 2 2
1—s1+55—8535—5%
25384+ 28152

unit-quaternion  parameterization, enabling seamless
integration of point and line constraints.
To remove the constraints on the rotation matrix Eq.
(16) and (17), we use a unit-quaternion parameterization
that eliminates these restrictions while preserving the
validity of R. This approach builds upon the ASPnP
(Algebraic Solution for Perspective-n-Point) method and
extends it to the PnPL problem, ensuring stability and
robustness in the estimation process. The unit-quaternion
parameterization is expressed as:
ST+53—53—87  25,83—285184
R=| 25,53+2s154 s1—s3+s55—53
2s 2854 — 2s 183

25,84+ 25183
2S3S4—2S1S2
ST—s3—s3+53
(18)
where s1,53,53, 54 are the four quaternion parameters that
satisfy the normalization condition:
sT+s3+s53+8i=1 (19)
This parameterization ensures that the rotation
matrix R is singularity-free, even at critical angles such as
180°. Depending on the specific values of the quaternion
parameters, R simplifies into different special cases.
These cases reduce the number of parameters, enabling
the problem to be split into multiple subproblems for
efficient computation. The main cases are described
below:
Case 1: General Case (All Parameters Non-Zero)
When s1,5,,53, 54 are all non-zero, the rotation matrix R
can be expressed as:

25384+28182

25284+ 285183
25384— 28182 (20)

1 —s%—s%+s§—si
matrix simplifies ultimately to:
-1 0 0
R=|10 -1 0 (23)
0 0 1

This case represents a fixed rotation matrix, as the
contributions of sy, s, and s; , are entirely eliminated,
leaving only the term s7.

The PnPL problem unifies the point-based (PnP) and
line-based (PnL) constraints into a single quadratic cost
function by leveraging the quaternion parameterization of
the rotation matrix R. Using quaternion parameters
S1, $2,83,84, the unified cost function is expressed as:

min J= | Bv ||2=vT(BTB)v=vTCv (24)
~—

$1,52,53,54
C

where B and C are coefficient matrices derived from the
combined constraints of points and lines, and v is the
vector representation of the monomials of the quaternion
parameters. This unified formulation ensures that the
rotational constraints imposed by the 3D-2D Point and
the Line correspondences are simultaneously satisfied.

To minimize J, the first-order optimality conditions
are computed as:
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The PnPL problem combines point-based (PnP) and
line-based (PnL) constraints into a unified system,
expressed through polynomial equations involving
quaternion parameter s, S3,53,84. Lhe quaternion
parameterization ensures that the rotation matrix R
remains valid while avoiding singularities. Eq. (25)
defines a system of four polynomial equations derived
from the unified constraints. These equations are
efficiently solved using Grobner Basis (GB) and action-
matrix methods, which are well-established in solving
polynomial systems in computer vision. The automatic
generator for GB solvers constructs the elimination
template and action matrix iteratively, enabling the
solution of these equations via Eigen-factorization.

For the PnPL problem, solving Eq. (25) In general,
the case yields, at most, 81 solutions, as the system has
four variables and degree-three equations. The
elimination template and action matrix for this case are of
sizes 160x200 and 81 x 81, respectively. The solution
space simplifies for exceptional cases where some
quaternion parameters are zero. Case 2 yields at most 27
solutions, Case 3 produces 9 solutions, and Case 4 results
in a single solution. These correspond to progressively
reduced degrees of freedom in the quaternion
parameterization. For each solution, the quaternion
parameters s, S3,53,54 are substituted back into Egs. (20)
and (13) to recover the pose. Across all cases, a
maximum of 118 solutions is possible.

The globally optimal solution is determined by
evaluating all solutions and selecting the one that
minimizes the error in the unified cost function J. This
approach ensures robust and efficient camera pose
estimation, seamlessly integrating point and line
constraints into a single optimization framework.

3.3 Efficient Computation

0 (25

In the above sections, we reformulate the PnPL
problem into  four unconstrained  optimization
subproblems by integrating a unified quaternion
parameterization. For each subproblem, we construct a
rotational cost function that involves a known coefficient
matrix and a set of monomials in the unknown quaternion
parameters. These coefficient matrices, derived from
{(Li, li, pi-bi) }:;nl
simplicity, the coefficient matrices in Cases 2 — 4 are
denoted C,, C3,C4, analogous to C; in Case 1. Usually,
these matrices would need to be calculated independently
for each subproblem, which is computationally expensive.

To enhance efficiency, we propose a strategy where
C,, C;, and Cy are directly derived as blocks of C;. For

instance, in Case 2, the corresponding vector v, |,
.
Case 1, is [I,S3,s4,s§,S3s4,sﬁ].

, can be computed efficiently. For

analogous to v,

Compared to v;,v, excludes monomials involving s,

allowing it to be rewritten as [1, 0-55, §3,54,0°53,0¢

-
szs4,s§,S3s4,sﬂ , which retains the same structure as v;.

As a result, C, becomes a block of C; , and the same
applies to C; and C4. This relationship is expressed as:

C2]10x10 (26)

=
Instead of calculating C,, C;, C;, and C4
independently, we compute C; once from
VIF‘H'I
{(Lh L, piabi)}l_=l
from it. This approach significantly reduces
computational complexity and improves the overall
efficiency of the method, marking a key contribution of
this work to solving the PnPL problem.

"and directly extract C,, C5, and C4

4 Experimental Results

This section evaluates the proposed method's
performance  through  synthetic and real-world
experiments, focusing on various configurations of 3D
points and 3D line correspondences. The primary
objective is to assess the approach's accuracy and
robustness under different noise levels, numbers of
correspondences, and 3D scene configurations, including
both planar and nonplanar setups.

4.1 Synthetic Experiments

We evaluate our approach against state-of-the-art in
two scenarios: the point-and-line and line-only cases. In
both situations, we consider nonplanar and planar
configurations and report the rotation and translation
errors for increasing amounts of 2D noise and varying
numbers of correspondences. We also investigate the
influence of the distance between the line segments in the
3D model and their projected 2D endpoints.

For the synthetic experiments, we use a calibrated
virtual camera with a resolution of 640 x 480 pixels and a
focal length of 800 pixels. The 3D points and line
segments are randomly generated within a box with
coordinates [ —2,2],[-2, 2] and [4, 8] in the camera frame.
The total number of points 7, and line segments n; varies
depending on the configuration. The rotation matrix is
randomly generated, and the translation vector is set to
the mean vector of the 3D points.

The generated 3D lines are perturbed by Gaussian
noise, and additional noise is added to the 2D projections.
The noise standard deviation is set to 1 pixel for all
simulations. Two additional points are generated on the
same line for each line segment by randomly shifting the
endpoints. These points are projected onto the image
plane and corrupted with noise.

The rotation errors are computed using the following
formula:

ero = maxfacos (dot ( Rf, R*))x 180/z (27)

EAPnPL demonstrated superior performance in low-
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altitude navigation scenarios in our synthetic
experiments, particularly in  environments  with
occlusions, sparse features, and noisy data. The method
excelled in obstacle detection and avoidance simulations,
where real-time pose estimation was crucial for
maintaining safe paths. For example, in scenarios with
dense, dynamic obstacles and low-texture regions,
EAPnPL provided highly accurate pose estimates, which
helped avoid potential collisions by re-planning flight
paths on the fly. where R, represents the k-th column of
the rotation matrix R,, and R is the ground-truth rotation
matrix. The translation error evaluation is represented as:
Etrans(%) = || ttrue_t "/” tt || X 100 (28)

where ¢, is the estimated translation vector and ¢ denote
the ground-truth translation vector. The results are
presented as mean and median errors for rotation and
translation. We also analyze the impact of line segment
shift, simulating real-world distortions caused by camera
calibration errors or scene geometry variations.

The algorithms tested include the PnP methods
EPnP_GN®™, OPnP [26], and EOPnP™*"), the PnL methods
Ansar'?®!, AlgLS[zg], RPnLP” and ASPnL!"Y, and the
PnPL methods DLTPY  EPnPL!". OPnPL!", and
EAPnPL. We conducted 500 independent simulations for
each configuration, varying the amount of noise and the
number of correspondences to assess the method's
robustness under different conditions. We used an AMD
Ryzen 9 7900X 12-core Processor and 32 GB of RAM.

4.1.1 Pose Estimation Using Only Lines

We evaluated pose estimation by focusing
exclusively on line based approaches, comparing PnL

methods with PnPL methods fed only line
correspondences  (n,=0). When evaluating pose
estimation using only line-based correspondences,

EAPnPL demonstrated significant advantages in low-
altitude UAV navigation, where accurate line-based
features are more stable than point correspondences,
especially in environments with low visual texture or
occlusions. The method effectively navigated challenging
environments, maintaining high pose accuracy even when
only limited line correspondences were available. Two
configurations were tested, non-planar and planar, as
shown in Figure 2 To assess performance
comprehensively, we analyzed accuracy under fixed
constraints and varying noise levels: planar (PnP (7, =0).

(a) Fixed Line Constraints

In the non-planar setup (Figure 2-(a): PnL (n,=10),
PnPL(n,=0, n;=10)) and planar setup (Figure 2-(b): PnL
(n;=10), PnPL(n,=0, n;,=10)), we wused 10 line
correspondences (n;=10), for both PnL and PnPL
methods. OPnPL and EAPnPL consistently outperform
all PnL methods tested, with OPnPL leading slightly.
EAPnPL demonstrates robustness comparable to OPnPL
and surpasses EPnPL, especially in non-planar
conditions. In the planar case, PnL methods exhibit

significant instability. For example, Mirzaei™ fails
entirely, and produces errors too large to plot, while
OPnPL and EAPnPL maintain superior accuracy.

(b) Noise Impact Assessment

We further examined accuracy under a noise level of
2 pixels, as shown in Figure 2-(c) for non-planar and
Figure 2-(d) for planar configurations (both with PnL (r;=
10), PnPL(n,=0, n;=10)). OPnPL excels across both
setups, particularly in minimizing errors, while EAPnPL
follows closely, outperforming EPnPL and all PnL
methods. The planar configuration highlights PnL's
weaknesses, whereas EAPnPL and OPnPL remain
reliable, with EAPnPL showing notable stability despite
the noise. These results underscore the advantage of
PnPL methods over traditional PnL approaches when
relying solely on line data.

4.1.2. Pose Estimation with Combined Points & Lines

We analyzed pose estimation by integrating point
and line correspondences in non-planar and planar
configurations. In the combined points and lines setup,
EAPnPL showed remarkable robustness in dynamic
environments where rapid changes in obstacles were
present. This hybrid approach significantly improved
navigation accuracy and obstacle avoidance capabilities,
ensuring the UAV could quickly and effectively adjust its
path based on real-time pose estimates. These results
underscore the utility of EAPnPL for real-time low-
altitude navigation in environments with rapidly changing
or sparse features. The accuracy of PnP, PnL, and PnPL
methods was assessed concerning image noise and
increasing numbers of correspondences Figure 3. To
ensure an equitable comparison across these methods, we
explored two distinct scenarios:

(a) Fixed Minimum Constraints

In evaluating accuracy under noise, we configured

PnP methods with 6-point correspondences (1, =0),
the minimum required for robust estimation, PnL
methods 10-line correspondences (n;=10), reflecting
their typical minimum and PnPL methods, a combination
of 6 points and 10 lines (n,=6,n;=10). These settings are
shown in Figure 3-(a) for non-planar (PnP (n,=06), PnL
(n;=10), PnPL(n, =6, n;=10)) and Figure 3-(b) for planar
(same settings). EAPnPL and OPnPL outperform PnP-
only methods, benefiting from the added line constraints.
OPnPL closely approaches the accuracy of an idealized
PnP baseline, effectively utilizing line data, while
EAPnPL follows closely. Both methods significantly
outstrip DLT and other PnL approaches when
correspondence counts increase, as tested in Figure 3-(c)
for non-planar (PnP (n,=6:15), PnL (n;=6:15) PnPL (n, +
n;=12:2:30) and Figure 3-(d) for planar (same ranges)
with a noise level of 2 pixels, EAPnPL and OPnPL
maintain superior performance.

(b) Variable Constraints with Noise

We further tested accuracy under a noise level of 2
pixels while varying correspondence counts: PnP (r,=6),
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Fig.2 Experimental results concerning line correspondences only

PnL (n;=6:15), and PnPL(n,+ n;=12:2:30). These results
are illustrated in Figure 3-(c) for non-planar and Figure 3-
(d) for planar configurations. PnP methods gain an
advantage from precise, noise-perturbed points, whereas
PnL and PnPL methods handle less spatially defined line
inputs. EAPnPL and OPnPL excel in this scenario, with
OPnPL nearly matching its point-only counterpart's
precision and EAPnPL remaining competitive, though
slightly less accurate than OPnPL. Both outperform DLT
and PnL methods by a wide margin. In the planar case

(Figure 3- (d)),

EAPnPL and OPnPL

stand out,

particularly in minimizing rotation errors, demonstrating
their robustness across varied conditions.

4.1.3.
Evaluation

This section

evaluates

the

scalability

EAPnPL Algorithm Scalability and Overall

and
performance trade-offs of three Perspective-n-Point-and-
Line (PnPL) methods: EPnPL, OPnPL, and EAPnPL. The

primary focus
correspondences
configurations Figure 4,

is
increase,

how each method performs
particularly

accuracy and computational efficiency.

The experimental
increasing the  number
correspondences. The

setup
of  points
scalability and computational

and

as
in non-planar
and the balance between

involved  gradually
line

efficiency of EAPnPL were particularly advantageous in

low-altitude

UAV

systems,

where

fast,

real-time

processing is essential for safe and efficient flight.
EAPnPL demonstrated significant computational speed,

processing up to 200 correspondences

within 2.5

milliseconds on average, making it suitable for dynamic
in real-time UAV
navigation applications. starting from 10 and going up to
200, with 200 trials per configuration to ensure statistical
significance. The camera's focal length was 800 pixels,
and noise levels for both point and line endpoints were
set at 2 pixels. EAPnPL demonstrated the best runtime

obstacle detection and avoidance
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Fig.4 Comparison of three PnPL methods in accuracy and efficiency under ordinary conditions

performance, with average runtimes between 2.4 ms and
2.9 ms, maintaining high efficiency even as the number
of correspondences increased Figure 5. Its mean runtime
was 2.5 ms, significantly faster than OPnPL, which had a
constant runtime of approximately 24 ms. Figure 6 shows
the results. In these figures, EPnPL was the fastest
method, with runtimes between 2 ms and 3 ms, but may
sacrifice some accuracy under certain conditions.

When comparing accuracy and efficiency, EAPnPL
achieved competitive rotation accuracy comparable to
OPnPL and outperformed EPnPL in translation accuracy.

EAPnPL did this while operating at only 30% of OPnPL's
runtime, confirming its computational advantage.
Additionally, when both point and line correspondences
were combined, EAPnPL maintained a strong balance
between accuracy and speed, even outperforming
EPnPL in smaller datasets, where EPnPL's performance
degrades.

4.2 Real Data Experiment

The VGG Multiview Dataset was utilized to assess
the practical performance of the proposed algorithm. In
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the real-world experiments using the VGG Multiview
Dataset, EAPnPL provided highly accurate pose
estimates even when the environment was cluttered or
featured dynamic obstacles. The method showed
robustness in navigating real-world urban scenarios,
where obstacles such as buildings, trees, and other
structures presented challenges in low-altitude flight. As
shown in Figure 7, EAPnPL's ability to integrate point
and line constraints allowed for enhanced obstacle
avoidance, particularly in environments with sparse
texture or limited visual features.

The dataset comprises multiple images of building
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Fig.6 Algorithm scalability

structures annotated with 2D/3D point correspondences,
line segments, and associated projection matrices. For
each trial, 10 points were randomly selected for
Perspective-n-Point (PnP) methods, 10 lines for Point-
and-Line (PnL) methods, and the complete set of selected
points and lines was provided to the Point-and-Point-and-
Line (PnPL) methods. A total of 200 trials were
conducted for each image, and the mean rotational and
translational errors were calculated, with the top two
performing results highlighted in red and blue in Table 1.
The pose estimates obtained from EAPnPL were also
used to reproject all 3D points and lines onto the image
planes, as depicted in Figure 7.

Fig.7 Multiview VGG DATASET's reprojection results using EAPnPL; reprojected points
are displayed in blue, while reprojected lines are shown in red

The results demonstrate a consistent trend with the
synthetic experiments, where the integration of both point
and line constraints in the PnPL methods yields superior
performance. Among the PnPL variants, OPnPL exhibits
the lowest errors, followed by EAPnPL, which achieves

slightly higher accuracy and ranks second. As shown in
Figure 7, EAPnPL provides highly accurate pose
recovery, confirming its effectiveness and robustness in
practical applications.
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Table 1 Results concerning VGG Multiview Dataset

wWC UL MCI ME - MC MH AVG

Method . 1

DLT

Rotation Error  0.79 0.87 0.72 0.81 0.84 0.86 0.82

Translation Error 0.029 0.033 0.027 0.031 0.032 0.034 0.031
ASPnL

Rotation Error 1.06 121 098 1.08 1.12 1.17 1.10

Translation Error 0.038 0.042 0.035 0.040 0.041 0.044 0.040
RPnL

Rotation Error 1.27 1.36 124 128 131 142 131

Translation Error 0.043 0.048 0.041 0.045 0.046 0.050 0.046
LPnL

Rotation Error  0.84 0.93 0.76 0.79 0.82 0.89 0.84

Translation Error 0.027 0.031 0.025 0.028 0.029 0.033 0.029
OPnPL

Rotation Error  0.32 0.41 0.26 031 0.33 038 0.34

Translation Error 0.012 0.016 0.011 0.014 0.015 0.017 0.014
EAPnPL

Rotation Error  0.37 0.43 0.29 033 035 040 0.36

Translation Error 0.014 0.017 0.013 0.015 0.016 0.018 0.016

5 Conclusion

In this paper, we introduced the Efficient and
Accurate Pose Estimation from Point and Line
Correspondences (EAPnPL) method, a novel solution for
camera pose estimation. By integrating point and line
correspondences  with quaternion parameterization,
EAPnPL achieves high accuracy and efficiency,
outperforming existing methods in both synthetic and
real-world tests. Its robustness and speed make it ideal for
real-time applications like robotics, augmented reality,
and 3D  reconstruction.  Furthermore, @ EAPnPL
demonstrates significant promise in low-altitude UAV
navigation and obstacle avoidance, where reliable pose
estimation is crucial for safe and efficient flight in
complex, dynamic environments. Future work will
optimize it for planar scenarios and explore deep learning
integration, focusing on enhancing its performance for
autonomous UAVs navigating cluttered or low-texture
environments.
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